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Abstract
This contribution is focused on graphical investigation of robust stability for a feedback control loop containing the
parametrically uncertain second order time-delay model of a main irrigation canal pool and a fractional order PI
controller. The robust stability of the family of fractional order closed-loop characteristic quasipolynomials is analyzed
by means of the sampled value sets and application of the zero exclusion condition.
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1. Introduction
The fractional order calculus and its utilization in control theory belong among the highly attractive
contemporary research topics [1-3]. However, fractional order control has not only theoretical meaning, but it had
already influenced also many real control applications. The nice examples of the practical use with direct impact on
more effective management of precious water resources were published in [4-9], where the main irrigation canals were
controller under various conditions.
Systems with parametric uncertainty represent common but also effective way of incorporating the uncertainty
into mathematical model. Consequently, they allow relatively easy description of originally much more complicated,
nonlinear or varying real-life systems by means of linear time-invariant (LTI) models. In such systems, the structure
(model order) is supposed to be known and fixed but the parameters of the model are bounded somehow. Frequently,
they are considered just to vary within given real intervals. One of the most important tasks is to analyze the robust
stability of the control loops affected by parametric uncertainty, i.e. the stability under all possible variations of
uncertain parameters has to be verified. Quite naturally, the combination of the robust stability problem under
parametric uncertainty with fractional order systems has become also the important research subject in the recent years
[10-13].
This contribution focuses on graphical analysis of robust stability for a feedback control loop containing the
parametrically uncertain second order time-delay model of a main irrigation canal pool and a fractional order PI
controller [4]. The robust stability of the family of fractional order closed-loop characteristic quasipolynomials is
analyzed via the sampled value sets and application of the zero exclusion condition [14]. The similar investigation of
robust stability for a main irrigation canal pool with different mathematical model and integer order PID or fractional
order PI controller can be found in [15].
2. Main irrigation canal pool – mathematical description and controller design
According to [4-9], a typical main irrigation canal consists of several pools separated by undershot gates that
are used for regulating the water distribution from one pool to the next one. The controlled variables are water levels at
the end of the canal pool and the manipulated variables are the gate positions. The canal pool dynamic behaviour can be
described by the second order time-delay system, i.e. by transfer function [4]:
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where K represents a static gain, T1 and T2 are time constants, and Θ stands for time-delay. The first time constant T1 is
the dominant one and corresponds to the dynamics of the canal pool while the second shorter time constant T2 is
associated to the motors and gates dynamics. The nominal values of the parameters (related to the normal hydraulic
operation regime) are K0 = 0.0401, T10 = 880.79 [s], T20 = 81.27 [s] and Θ0 = 360 [s]. Nevertheless, since the discharge
through the upstream gates can vary in some operational range, the parameters of the model (1) are consequently
supposed to lie within given intervals [4]:
K  0.01, 0.1

T1  500, 15000
T2  10, 300

(2)

  300, 360

As can be seen, the parameter variations are really wide and finding a suitable controller which will assure robust
stabilization (or moreover also a specified minimum level of performance) for the assumed model is a non-trivial task.
In the paper [4], the following fractional order PI controller was designed:
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and compared with a classical integer order PI controller. The robust stability of the closed control loop with considered
parametrically uncertain second order time-delay model (1) and recommended fractional order PI controller (3) will be
analyzed by means of the graphical method described in the following Section.
3. Robust stability analysis for (fractional order time-delay) systems with parametric uncertainty
As the stability of LTI systems can be investigated via the stability of its characteristic polynomials, the
primary object of interest from the robust stability viewpoint is the family of closed-loop characteristic polynomials.
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Besides, if the controlled plant model contains time delay term, the family of closed-loop characteristic
quasipolynomials has to be analyzed.
In this work, the very universal graphical method for robust stability investigation is utilized. It consists of
combination of the value set concept with the zero exclusion condition [14].
The family of polynomials can be denoted as [14]:
P  p (, q ) : q  Q

(4)

where q is a vector of uncertain parameters (uncertainty) confined by some uncertainty bounding set Q (which is
frequently a multidimensional box).
The value set at frequency    is given by [14]:
p ( j , Q)  p ( j , q ) : q  Q

(5)

The zero exclusion condition for Hurwitz stability of family of continuous-time polynomials (4) says [14]: Assume
invariant degree of polynomials in the family, pathwise connected uncertainty bounding set Q, continuous coefficient
functions  i (q ) for i  0,1, 2,  , n and at least one stable member p ( s, q 0 ) . Then the family P is robustly stable if and
only if the complex plane origin is excluded from the value set p ( j , Q ) at all frequencies   0 , that is P is robustly
stable if and only if:
0  p ( j , Q)   0

(6)

More details can be found in [14] or other related literature. Furthermore, the principle of the value set concept and the
zero exclusion condition is valid also for more general value sets (e.g. for the closed-loop uncertain quasipolynomials in
which the plant numerator contains the time-delay term).
Besides, the works [10-13] extended the idea of the value set concept also to fractional order uncertain
polynomials.
In this paper, the value sets are plotted for a closed-loop characteristic quasipolynomial (loop with time-delay
plant family (1) and fractional order PI controller (3)) and its visualization is based on sampling the uncertain
parameters and on computation of partial points of the value sets for a considered frequency range. Thanks to the
applied sampling (brute-force) method, the value sets of the quasipolynomial can be easily computed and consequently
the robust stability can be analyzed with the assistance of standard zero exclusion condition.
4. Example – robust stability analysis
The goal of the example is to verify if the fractional order PI controller (3) robustly stabilizes the plant family (1), i.e. if
it guarantees the stability of the feedback control loop for all possible variations of parameters (2). The family of
fractional order closed-loop characteristic quasipolynomials is:



pCL ( s, K , T1 , T2 , )  T1s  1T2 s  1s  Ke s 3.255 s 0.8  0.021



(7)

where uncertain parameters can lie within intervals (2). The value sets are computed for the frequency range from 0 to
0.004 with the step 0.00008 while for the each frequency the variations of uncertain parameters are constructed by
means of sampling:

K  0.01 : 0.005 : 0.1
T1  500 : 500 : 15000

(8)

T2  10 : 10 : 300
  300 : 10 : 360

The calculated value sets are visualized in Fig. 1 and the zoomed version of the same value sets (in order to see better
the situation near the complex plane origin) is plotted in Fig. 2.
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Fig. 1. Value sets for family of fractional order closed-loop characteristic quasipolynomials (7) – full view.

Fig. 2. Value sets for family of fractional order closed-loop characteristic quasipolynomials (7) – zoomed view.
As can be easily verified, the family (7) definitely contains a stable member. Moreover, Fig. 2 clearly
demonstrates that the origin of the complex plane (zero point) is excluded from the value sets. It means the closed
control loop is robustly stable (i.e. stable for all possible variations of canal pool model parameters) with designed
fractional order PI controller (3).
5. Conclusion
The contribution has been aimed to graphical method of robust stability analysis for a feedback control loop
containing a main irrigation canal pool modelled as the second order time-delay plant with parametric uncertainty and a
fractional order PI controller. The robust stability of the obtained family of fractional order closed-loop characteristic
quasipolynomials is investigated through the depiction of the sampled value sets and direct application of the zero
exclusion condition.
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