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The study focuses on the fractional complex order plant model, which has

gained popularity in applied mathematics, physics, and control systems. A sig-

nificant contribution of this research lies in discussing the physical phenom-

ena associated with complex plant models and their impact on system stability

and robustness. The main purpose of the method presented in this paper is to

tune the controller parameters to ensure the stability and robustness of the sys-

tem. There are methods presented in the literature for this purpose. One of

these methods is to keep the phase curve in the system frequency response flat

within a certain range. However, this process is based on equating the deriva-

tive of the phase value to zero at a certain frequency and adds great mathemat-

ical complexity to the calculations. In this study, reliable analytical formulas

are presented for the same purpose using a graphical approach. Since the frac-

tional complex order plant model represents the most general mathematical

form, it enables easy creation of other plant models, including integer order

and fractional order plant. The reason why this plant is chosen is that this

structure can be named as the universal plant, which all other structures can

be built by making little variations. For instance, a transfer function having

integer, real and/or complex number coefficients and/or orders can be

obtained by proper determination of the parameters of the universal plant. A

time delay can also be added towards researcher's desire. The main inspiration

comes from studying on an inclusive plant. The method in this paper intends

to tune the well-known classical Proportional Integral Derivative controller.

Thus, effectiveness of the integer order controller on various plants will be

shown. This approach provides analytical calculation equations for the physi-

cal modifications of plants with integer, fractional, and/or complex coefficients

and/or orders. The effectiveness of the method is demonstrated visually with

different examples that include these different possible situations. The results

observed in the changes of the parameters in the transfer functions were also

examined. Thus, pros and cons of the variations of integer, fractional, and

complex numbers on system parameters have been shown.
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1 | INTRODUCTION

In the context of actual industrial processes, ensuring reliable and effective operation of sophisticated control systems
places a significant burden on controllers [1]. Proportional-Integral-Derivative (PID) controllers find widespread use
in modern industrial applications [2–4] particularly in process control [5]. However, PID controllers lack long-term
memory effects, which are present in other complex systems associated with non-local dynamics. To enhance accu-
racy in modeling, fractional calculus—allowing integration and differentiation of arbitrary orders—becomes relevant
[6, 7]. While integer-order calculus forms the basis for common PID models used in control applications, it lacks the
non-locality feature associated with fractional derivatives [8, 9]. The well-known auto-tuning technique developed by
Ziegler and Nichols [10] finds applications in diverse research areas, including thermal diffusion, chaotic systems,
viscoelasticity, signal processing, mechatronic systems, and neural networks [11–17]. This technique plays a crucial
role in providing detailed descriptions of physical processes in the real world [18]. For example, fractional-order
derivatives have been successfully employed in controlling hydraulic servo systems with significant mechanical iner-
tia and historical dependence. Furthermore, fractional calculus plays a pivotal role in system modeling and controller
design studies [19–22].

The study investigates the physical phenomenon of solutions generated using the Fractional Complex Order Plant
(FCOP) model and the classical PID controller structure. It would be useful to give brief information about the control-
ler structure for the beginning. The PID controller, also known as the three-term controller, is a widely used feedback
control mechanism in industrial systems and various other applications [23]. Its purpose is to continuously modulate
control signals to maintain a desired setpoint by minimizing the error between the setpoint and the measured process
variable. The three terms in the PID algorithm can be summarized. The proportional (P) term is proportional to the cur-
rent error between the setpoint and process variable. It adjusts the control output based on the gain factor Kp. For
instance, if the error is large, the control output will be proportionately adjusted to reduce the error. However, using
proportional control alone can result in a steady-state offset between SP and process variable. The integral (I) term
accounts for past errors and integrates them over time. It aims to eliminate any residual error by adding a control effect
based on the cumulative value of historical errors. The integral term helps achieve precise control even in steady-state
conditions. The derivative (D) term considers the rate of change of the error. It helps prevent overshoot and oscillations
by adjusting the control output based on how quickly the error is changing. The D term provides stability and respon-
siveness. The PID controller combines these three terms to calculate the control output, adjusting a control variable
(e.g., opening a valve) to minimize the error over time. Since tuning these three parameters conveniently is significant,
mathematical methods play an important role in this issue.

In control theory, a plant refers to the combination of a process and an actuator. The plant is often described using
a transfer function, typically in the s-domain. This transfer function represents the relationship between an input signal
and the output signal of a system without feedback. It's commonly determined by the physical properties of the system.
For real-world processes, determining the transfer function of the plant involves using system identification methods
with experimental data. These transfer functions are mostly described by integer-order polynomials in the numerator
and denominator. Integer-order representation is generally preferred for convenience on modeling real-world processes.
However, real-world processes can be expressed more accurately with fractional order transfer functions [24, 25]. This
concept has gained increasing attention in recent years despite its complicated structure [26].

This paper deals with an even more complicated structure of transfer function, which has polynomials having orders
of complex numbers. This new structure covers all types of transfer functions including fractional- and integer-order
ones with time delay. The transfer function is detailly explained in following sections. Let us investigate the existing
studies about the subject. Fractional-order approximations are mostly derived numerically; thus, numerical simulation
of the fractional-order control system is studied in [27, 28]. The PID controller is also thought to have fractional orders
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in the literature. Different papers explain various fractional-order PID (FOPID) tuning procedures in both frequency
and time domain design methodologies [29–31]. The design approach for fine-tuning a fractional complex-order PI
(FCOPI) controller was the main emphasis of Shahiri et al. [32]. An optimization-based method for fine-tuning actual
and sophisticated FOPI controllers was presented by Moghadam et al. [33]. In their work, Muresan et al. [34] investi-
gated a simple method based on vector representation of fractional-order controllers. The fractional complex-order con-
troller (FCOC) was investigated by Guefrachi et al. [35], and the fractional-order controller (FOC) was explored by
Hanif et al. [36] using a genetic algorithm. Important studies on complex-order fractional diffusion [37] and complex-
order capacitive impedance realization [38] have just been released. The tuning of fractional complex-order DC motor
in the frequency domain can be found in [39]. These studies demonstrate the significant increase in attendance at the
FCOP during the past few years. Researchers are now investigating the potential applications of fractional complex
order in control theory and system modeling as can be seen in the studies in [40–43]. In addition, the preliminaries of
this study were presented for the proportional-derivative controller in [44].

This study explores the use of the FCOP model and the PID controller structure, which are gaining popularity in
applied mathematics, physics, and control systems. The research investigates analytical solutions and the associated
physical phenomena. A complex system with an underexplored controller structure is considered. The study examines
stability and robustness outcomes for various parameter values, supported by simulations and graphics. Additionally,
the impact of the complex coefficient's real and imaginary components is analyzed during the design process.

It would be beneficial to provide an overview of this study's key points and its contribution to the literature. The pri-
mary goal of this research is to design a controller that ensures the stability and robustness of a model. The model used
is a complex fractional-order model, which is relatively new in the field of control. This model allows for the derivation
of both classical integer- and fractional-order models and can incorporate time delays. Consequently, a comprehensive
transfer function encompassing various structures is proposed.

The study focuses on the widely used PID controller design within the control domain to ensure the stability and
robustness of the model described by the comprehensive transfer function. The method involves adjusting the system's
frequency characteristics to meet the researcher's specifications. Systems are typically represented in the frequency
domain by gain and phase values. The main objective in designing the controller is to achieve the desired gain and
phase characteristics, ensuring stability and robustness. For a better understanding of the presented method, a sum-
mary illustration is given in Figure 1.

According to Figure 1, brief explanation of the method can be written. The universal plant is defined first. It can be
a plant having integer, fractional, or complex coefficients or orders. The frequency domain properties desired to be sat-
isfied are determined next. Then, these properties are combined with the proposed formulas, and the controller to
achieve these properties is obtained. Let us investigate the figure in a closer look. The frequency properties are the gain
crossover frequency (ωgc), the phase crossover frequency (ωpc), and the phase margin (PM). Related studies in the litera-
ture proved that the magnitude (gain) and phase curves have effect on the system behavior. For example, the phase
curve between ωgc and ωpc (the curve through x) is flattened to increase system robustness [44]. Graphically, this is
done by extending the distance between these crossover frequencies. Additionally, the PM is tuned by changing the

FIGURE 1 Brief illustration of the presented method. [Colour figure can be viewed at wileyonlinelibrary.com]
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vertical line y. The proposed formulations to calculate the controller are built on this inspiration. Detailed information
is provided in the advancing sections of the paper.

The method's reliance on analytical calculations enhances its reliability. This approach is significant for the litera-
ture, as studies on complex fractional-order systems, which are more intricate than classical systems, remain limited.
Therefore, the findings of this research are expected to contribute significantly to the study of complex fractional-order
models. For convenience, the common abbreviations used throughout the paper are listed in Table 1.

The following are the important points of the study. Section 2 discusses the closed loop properties of the system. In
Section 3, design of the universal plant is studied and in Section 4, design of the PID controller is given. The design pro-
cedure of the auto-tuning system is discussed in Section 5. Three application examples are offered in Section 6 along
with the benefits of calculating equations. The results of the investigation into the physical interpretations of the
obtained solutions are addressed in Section 7 and the study's key findings are presented in Section 8.

2 | PROPERTIES OF THE SYSTEM

Figure 2 shows the representation of a closed loop control system. As known, real processes can be modeled using dif-
ferential equations. For convenience, the differential equations are transformed to the s domain by the Laplace trans-
form [45]. Here, P(s) and C(s) are the Laplace transform output of the differential equation models of the plant and
controller respectively. R(s) is the Laplace sign of the input signal, and Y(s) is the signal for the output of the system. It
can be said that the system's closed-loop transfer function is closely related to its open-loop transfer function [46, 47]. D
(s) is the disturbance signal introduced at the end of this section, and E(s) is the error signal obtained by subtracting
output from the input.

Open loop (G[s]) representation of the system is

G sð Þ¼Y sð Þ
R sð Þ ¼ P sð ÞC sð Þ: ð1Þ

Open loop transfer function is obtained by excluding the disturbance signal and the feedback loop shown with the
arrow connecting the system output to the system input. Therefore, the transfer function of the system is obtained by
direct multiplication of the plant and the controller [45]. Similarly, the closed loop representation (T[s]) is

T sð Þ¼Y sð Þ
R sð Þ ¼

P sð ÞC sð Þ
1þP sð ÞC sð Þ¼

G sð Þ
1þG sð Þ : ð2Þ

Here, the closed loop transfer function can be obtained easily by the following procedure. The error signal E(s) is
E sð Þ¼R sð Þ�Y sð Þ. There is a feedback loop here; thus, the equation Y sð Þ¼G sð Þ R sð Þ�Y sð Þ½ � is valid. This yields to
Y sð Þ¼ G sð Þ

1þG sð ÞR sð Þ, and then, the closed loop transfer function is obtained. In order to clearly understand the analytical

TABLE 1 List of the common abbreviations used in the paper.

Abbreviation Explanation

FCOP Fractional complex order plant

PID Proportional-integral-derivative

FOPID Fractional order proportional-integral-derivative

FIGURE 2 The closed loop control system.
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design approach in this paper, some background information should be useful. The Bode diagram is a type of graph
used in system analysis that combines the system's gain and PM graphs. This combination in a single image is highly
convenient. Bode diagrams are used to analyze open-loop systems. The gain margin (GM), the first component of the
system, indicates how much the open-loop system's gain can be increased while maintaining stability. The PM, the sec-
ond component, shows how much the open-loop system's phase can be increased to ensure system stability [48, 49].

The gain crossover frequency is ωgc, and the phase crossover frequency is ωpc in the Bode diagram. The gain cross-
over frequency is the frequency at which the curve on the gain graph cuts 0 dB line, and the phase crossover frequency
is the frequency value where the phase curve cuts the �180� line. The GM is the difference between the current gain
value with the 0 dB line at ωpc. The PM is the difference between the current phase value with the �180� line at ωgc.
GM shows the amount by which the gain can be increased to ensure system stability, while PM indicates the extent to
which the phase can be adjusted while maintaining system stability.

The following equations provide the phase and gain of the system at the gain crossover frequency.

∠G sð Þjs¼jωgc
¼ PM�π, ð3Þ

G sð Þj jjs¼jωgc
¼ 1: ð4Þ

Similarly, the following equations provide the phase and gain of the system at the phase crossover frequency.

∠G sð Þjs¼jωpc
¼�π, ð5Þ

G sð Þj jjs¼jωpc
¼ 10GM=20: ð6Þ

In summary, above equations indicate the properties of an ideal system. Phase of the system at ωgc is PM�π, and
gain of the system is 1. At ωpc, phase of the system is �π, and the gain is 10GM=20. It can be said that the gain and phase
crossover frequencies of the Bode diagram are closely related to the system's stability and robustness over a wide range.

Systems can be due to unexpected disturbance signals. In order the system to be robust against these effects, the
design procedure gets more challenging. The current error of a system increases when it encounters unexpected load
disturbance signals, which are defined as unwanted external input signals to the system. Designing a stable system is a
crucial step in system design. However, in stable systems, it is even more critical to avoid or fully eliminate system fail-
ures that may arise from such unexpected load disturbance signals. D(s) in Figure 1 denotes the load disturbance signal
D(s) [50–53]. The disturbance is usually represented with a unit step signal in the literature [44]. The following equation
gives the partial function representation of the load disturbance signal.

u t�að Þ¼ 1 t≥ a

0 t< a

�
: ð7Þ

The charge disturbance signal's input Laplace sign is obtained by converting d tð Þ¼u t�að Þ.

D sð Þ¼ 1
s
e�as: ð8Þ

After the preliminaries, design of the FCOP can be done.

3 | DESIGN OF THE UNIVERSAL PLANT

The following equation represents the most general plant transfer function that can be encountered, featuring integer,
fractional, and complex number coefficients, as well as exponential, time-delayed, or non-delayed extra gain
coefficients [44].

DEMIRO�GLU ET AL. 5

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10579 by T

om
as B

ata U
niversity in Z

lin, W
iley O

nline L
ibrary on [28/01/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



P sð Þ¼K

Pm
i¼0 aeiþ jaoið Þs αeiþjαoið ÞPn
k¼0 bekþ jbokð Þs βekþjβokð Þ e

�Ls: ð9Þ

The gain is denoted by K, and the time delay is L. To simplify the presentation, certain notations are introduced. e
stands for even, and o denotes odd. Thus, the even parts of the coefficients and orders of the numerator are denoted by
aei and αei, respectively. The odd parts are represented by aoi and αoi in similar. For the denominator, bek and βek rep-
resent the even parts of the coefficients and orders, respectively. Finally, bok and βok are the odd parts of the coefficients
and orders. The e in e�Ls stands for the exponent operator.

The following gives the plant frequency response of the above transfer function.

P jωð Þ¼K

Pm
i¼0 jωð Þαeiþjαoi aeiþ jaoið ÞPn
k¼0 jωð Þβekþjβok bekþ jbokð Þe

�L jωð Þ: ð10Þ

With the use of Euler's equation, a complex number in the numerator of the plant frequency response can be repre-
sented simply as shown in Equation (11), by transforming from exponential form to trigonometric form and vice versa.

jωð Þαeiþjαoi ¼ e�
παoi
2 ωαei cos

παei
2

þ log ωð Þαoi
� �

þ j sin
παei
2

þ log ωð Þαoi
� �� �

: ð11Þ

Similarly, Equation (12) stands for the transformation of the complex order of the denominator polynomial.

jωð Þβekþjβok ¼ e�
πβok
2 ωβek cos

πβek
2

þ log ωð Þβok
� �

þ j sin
πβek
2

þ log ωð Þβok
� �� �

: ð12Þ

Then, the plant frequency response can be re-expressed as Equation (13) by changing the formulas in Equations (11)
and (12) to exponential form.

P jωð Þ¼K

Pm
i¼0e

�παoi
2 ωαeiej

παei
2 þ log ωð Þαoið Þ aeiþ jaoið ÞPn

k¼0e
�πβok

2 ωβekej
πβek
2 þ log ωð Þβokð Þ bekþ jbokð Þ

e�jLω: ð13Þ

Equation (14) re-expresses the plant frequency response described in Equation (13) in a broad form.

P jωð Þ¼K
neþ jnoð Þ
deþ jdoð Þe

�jLω: ð14Þ

In Equations (15) and (16), the ne even part and no odd part of the numerator composing the plant's frequency
response are given, respectively.

ne¼
Xm
i¼0

e�
παoi
2 ωαei cos

παei
2

þ log ωð Þαoi
� �

aei� sin
παei
2

þ log ωð Þαoi
� �

aoi
� �

, ð15Þ

no¼
Xm
i¼0

e�
παoi
2 ωαei sin

παei
2

þ log ωð Þαoi
� �

aeiþ cos
παei
2

þ log ωð Þαoi
� �

aoi
� �

: ð16Þ

In Equations (17)–(18), the de even part and do odd part of the denominator composing the plant's frequency
response are given, respectively.

de¼
Xn
k¼0

e�
πβok
2 ωβek cos

πβek
2

þ log ωð Þβok
� �

bek� sin
πβek
2

þ log ωð Þβok
� �

bok

� �
, ð17Þ
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do¼
Xn
k¼0

e�
πβok
2 ωβek sin

πβek
2

þ log ωð Þβok
� �

bekþ cos
πβek
2

þ log ωð Þβok
� �

bok

� �
: ð18Þ

The frequency response of the plant can generally be written in terms of its gain and phase values as follows:

P jωð Þ¼ P jωð Þj jej∠P jωð Þ: ð19Þ

As a result, Equation (20) gives the gain value of the plant frequency response.

P jωð Þj j ¼K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ne2þno2

de2þdo2

s
: ð20Þ

Similarly, Equation (21) gives the phase value of the plant frequency response.

∠P jωð Þ¼ arctan
no
ne

� �
�arctan

do
de

� �
�Lω: ð21Þ

As a consequence, the gain and phase equations for the universal plant's frequency response were found.

4 | DESIGN OF THE PID CONTROLLER

The PID controller's transfer function is described in Equation (22).

C sð Þ¼ kpþki
s
þkds: ð22Þ

As mentioned previously, the proportional coefficient is kp, the integral coefficient is ki, and the derivative coeffi-
cient is kd. Equation (23) shows the frequency response of the PID controller.

C jωð Þ¼ kpþ ki
jω

þkd jωð Þ¼ kp� jki
ω
þ jkdω: ð23Þ

Shortly, the controller can be shown with its gain and phase values:

C jωð Þ¼ C jωð Þj jej∠C jωð Þ: ð24Þ

Equation (25) gives the gain value of the PID controller's frequency response.

C jωð Þj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2pþ �ki

ω
þkdω

� �2
s

: ð25Þ

Equation (26) shows the phase value of the controller's frequency response.

DEMIRO�GLU ET AL. 7
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∠C jωð Þ¼ arctan
�ki

ωþkdω
kp

 !
: ð26Þ

Thus, the frequency response of the PID controller is obtained.

5 | DESIGN OF THE AUTO TUNING SYSTEM

Using the frequency response of the plant and the controller, the following gives the frequency response of the system.

G jωð Þ¼P jωð ÞC jωð Þ: ð27Þ

The following equations provide a representation of the system's frequency response in terms of its constituent
parts. It is evident that the system's gain might be computed by multiplying the gains of the controller and the plant
independently. In a similar vein, the system phase might be produced by separately adding the plant and controller
phases.

G jωð Þj j ¼ P jωð ÞC jωð Þj j ¼ P jωð Þj j C jωð Þj j, ð28Þ

∠G jωð Þ¼∠P jωð ÞC jωð Þ¼∠P jωð Þþ∠C jωð Þ: ð29Þ

For simplicity, the following representations are employed at the gain crossover frequency with the aid of the previ-
ous notations.

gcne¼ nejω¼ωgc
gcno¼ nojω¼ωgc

gcde¼ dejω¼ωgc
gcdo¼ dojω¼ωgc

: ð30Þ

Here, gcne is the abbreviation stands for the even part of the numerator polynomial at the gain crossover frequency.
Similarly, gcno is the odd part of the numerator polynomial at ωgc. The even and odd parts of the denominator polyno-
mial are given in a similar way. Then, with the help of Equation (4), the gain of the system could be calculated with the
following equation in brief.

G jωgc
� 	

 

¼ P jωgc

� 	

 

 C jωgc
� 	

 



¼K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gcne2þ gcno2

gcde2þ gcdo2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2pþ � ki

ωgc
þkdωgc

� �2
s

¼ 1:
ð31Þ

Similarly, the phase of the system could be written in the following way according to Equation (3).

∠G jωgc
� 	¼∠P jωgc

� 	þ∠C jωgc
� 	

¼ arctan
gcno
gcne

� �
�arctan

gcdo
gcde

� �
�Lωgcþarctan

� ki
ωgc

þkdωgc

kp

0
BB@

1
CCA¼ PM�π:

ð32Þ

Equation (32) is rewritten as Equation (33) to calculate the PID controller's performance coefficients.

� ki
ωgc

þkdωgc

kp
¼ tan φ1ð Þ: ð33Þ

8 DEMIRO�GLU ET AL.
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The value of the φ1 angle is defined in Equation (34).

φ1 ¼PM�π�arctan
gcno
gcne

� �
þarctan

gcdo
gcde

� �
þLωgc: ð34Þ

Thus far, the system's frequency characteristics at the gain crossover frequency have been determined. The last step
involves calculating the PID controller's parameters by combining the answers for the system phase and gain equations.
Here, kp ¼ k1, ki ¼ k1k2, and kd ¼ k1k3 conversion is made in order to minimize the cost of calculation.

k1 ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gcde2þ gcdo2

p
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gcne2þ gcno2ð Þsec φ1ð Þ2

q ,

k2 ¼ωgc k3ωgc� tan φ1ð Þ� 	
:

ð35Þ

These controller parameters meet the system's gain and phase characteristics at the gain crossover frequency origi-
nally specified by Equations (3) and (4). Let's go over the process again for the phase crossover frequency's frequency
requirements. For the even and odd parts of the numerator and the denominator polynomial at the phase crossover fre-
quency, the following notations are provided.

pcne¼nejω¼ωpc
pcno¼ nojω¼ωpc

pcde¼ dejω¼ωpc
pcdo¼ dojω¼ωpc

: ð36Þ

The following formulations, which are similar to earlier equations, display the system's phase and gain, respectively,
after taking into account Equations (5) and (6) at the phase crossover frequency.

G jωpc
� 	

 

¼ P jωpc

� 	

 

 C jωpc
� 	

 



¼K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pcne2þpcno2

pcde2þpcdo2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2pþ � ki

ωpc
þkdωpc

� �2
s

¼ 10GM=20 ¼DB,
ð37Þ

∠G jωpc
� 	¼∠P jωpc

� 	þ∠C jωpc
� 	

¼ arctan
pcno
pcne

� �
�arctan

pcdo
pcde

� �
�Lωpcþarctan

� ki
ωpc

þkdωpc

kp

0
BB@

1
CCA

¼�π:

ð38Þ

Similar to above, Equation (38) is rewritten as Equation (39) to calculate the PID controller's performance
coefficients.

� ki
ωpc

þkdωpc

kp
¼ tan φ2ð Þ: ð39Þ

The value of φ2 is defined in the following way.

φ2 ¼�π�arctan
pcno
pcne

� �
þarctan

pcdo
pcde

� �
þLωpc: ð40Þ

The controller settings for the intended frequency characteristics at the phase crossover frequency are provided by
the combined solutions of the aforementioned equations. Again, kp ¼ k1, ki ¼ k1k2, and kd ¼ k1k3 conversion is done to
make the calculation easier.

DEMIRO�GLU ET AL. 9
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k1 ¼� DB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pcde2þpcdo2

p
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pcne2þpcno2ð Þsec φ2ð Þ2

q ,

k2 ¼ωpc k3ωpc� tan φ2ð Þ� 	
:

ð41Þ

Thus, the PID controller can be rewritten in the following form.

C sð Þ¼ kpþki
s
þkds¼ kp 1þ 1

Tis
þTds

� �
,
Ti

Td
¼ 4: ð42Þ

Ziegler and Nichols introduced two traditional techniques for parameterizing PID controllers in 1942. These tech-
niques are still frequently utilized, either unaltered or with slight adjustments [54]. According to Wallen et al. [55] the
relationship between practical application and system performance was the primary factor in picking the ratio between
Ti and Td as 4. This link was presented using the modified Ziegler Nichols approach in numerous research published
in the literature [3, 56, 57].

To meet the frequency requirements, two separate computations for both crossover frequencies are thus performed.
Combining these two will result in a single controller that simultaneously meets the frequency criteria. Shortly, k1 and
k2 in Equations (35) and (41) have to be combined separately. The DB and GM are derived by solving the k1's in
Equations (35) and (41) together. The phase crossover frequency and the gain crossover frequency are simultaneously
obtained by solving all k2 in these equations. This technique eliminates the requirement to supply an external number
to the gain crossover frequency, allowing the device to operate at its maximum frequency range. The gain and phase
crossover values of the aforementioned k2 equations are determined by applying numerical analytical steps produced
by tracing the common crossing points of the two equations to the gain crossover frequency. Consequently, the substi-
tution strategy is used to obtain the kp, ki, and kd values, and the specified unknowns are found. The replacement pro-
cedure is used to confirm the validity and accuracy of the data generated in the previous stage.

6 | CASE STUDY

In line with the plant structures of the system, three examples will be shown for complicated, fractional, and integer
orders. The components of the most widely specified plant type and PID controller that have been suggested make up
the system. As part of the stability study of the systems, bode diagrams, step responses, and responses to unforeseen
load disturbances will be developed for each controlled system. In every application, the differences in the evolution of
plant structure under continuous conditions—from the most basic to the most intricate—will be seen.

6.1 | Example 1: Integer order plant (IOP)

Let's think about the plant Equation (43) that Padulga and Visiolo [58] employed in their study.

P1 sð Þ¼ 1
sþ1

e�0:1s: ð43Þ

In this illustration, the PM is considered to be PM = 45�, and the target gain crossover frequency is ωgc ¼ 5rad=s. As
a result, Equation (44) illustrates the controller that may be found using Equations (35) and (41).

C1 sð Þ¼ 4:51621þ18:6657
s

þ0:273177s: ð44Þ

Figure 3 shows the intersection point (A) and bode diagram (B) for the system, whose PM is assumed to be
PM = 45�. Figure 3 reveals that the system that meets the required specifications may be easily generated by using the
calculation formulae.

10 DEMIRO�GLU ET AL.

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10579 by T

om
as B

ata U
niversity in Z

lin, W
iley O

nline L
ibrary on [28/01/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



The system's step response (A) and response to a load disturbance (B) are displayed in Figure 4, where PM = 45� is
the expected PM. It is clear that the system error reacts to unforeseen load disruptions at the lowest feasible level while
exhibiting stability behavior in its step response.

Table 2 provides the phase crossover frequency, the GM, kp, ki, and kd values for varying values of the PM w.r.t.
ωgc ¼ 5 rad=s. The table's findings demonstrate that a rise in PM causes the phase crossover frequency to rise thus, the
distance between ωgc and ωpc expands. This is where the PM's influence over the phase crossover frequency is visible.

Figure 5 shows the system's intersection points (A) and bode diagram (B), with the PM taken to be between [30�,
60�]. Here, the PM = 30� corresponds to the value of ωgc

<1> , whereas the PM= 60� corresponds to the value of the
ωgc

<7> .
Figure 6 shows the step responses (A) and load disturbance responses (B) of the system with a PM between [30�,

60�]. The system's responsiveness to the unexpected load disturbance decreased below around 12% as a result.

FIGURE 3 The system's (A) intersection point and (B) bode diagram with PM = 45�. [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 4 The system's (A) step response and (B) load disturbance reaction with PM = 45�. [Colour figure can be viewed at

wileyonlinelibrary.com]
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The obtained bode diagrams, step responses, load disturbance responses, stability, and stability satisfactorily illus-
trate the system's calculation equations.

6.2 | Example 2: Fractional order plant (FOP)

Let's use the plant from Example 1 and convert the order value by 25% to obtain a fractional number.

P2 sð Þ¼ 1
s1:25þ1

e�0:1s: ð45Þ

For this case, ωgc ¼ 5 rad=s is once again taken into consideration as the ideal gain crossover frequency. Table 3 lists
the performance coefficients of the controller kp, ki, and kd obtained for desired frequency values. The PM is taken
between 30� and 60� with a 5� of increment.

Once more, it is evident that increasing the PM results in a higher phase crossover frequency. It is evident how the
fractionalized order affects the phase crossover frequency when comparing this plant to the one in the preceding
example.

For every system in Table 3, the intersection points of the k2 curves (A) and the Bode diagrams (B) are displayed in
Figure 7. The necessary parameters are obviously satisfied.

TABLE 2 For PM variations, kp, ki, kd, ωpc, and GM values were discovered.

PM ωgc ωpc GM kp ki kd

30� 5 22.4633 �13.70020 3.74963 21.3862 0.164355

35� 5 23.7377 �12.59390 4.03653 20.5363 0.198350

40� 5 24.7386 �11.48380 4.29270 19.6272 0.234717

45� 5 25.5489 �10.41300 4.51621 18.6657 0.273177

50� 5 26.2211 �9.39915 4.70534 17.6591 0.313439

55� 5 26.7899 �8.44823 4.85867 16.6152 0.355197

60� 5 27.2793 �7.56121 4.97501 15.5418 0.398132

FIGURE 5 The system's (A) intersection points and (B) bode diagrams. [Colour figure can be viewed at wileyonlinelibrary.com]
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The initial step responses (A) and the ones under load disturbance (B) of the various systems listed in Table 3 are
displayed in Figure 8. Consequently, at the time of the disruption, the system altered by less than 9% and recovered
satisfactorily.

Therefore, on the plant with a fractional order, the suggested technique effectively attained system resilience and
stability.

In this example, the order of the plant is modified to have a complex part with its conjugate.

P3,4 sð Þ¼ 1
s1:25mj0:25þ1

e�0:1s: ð46Þ

There are two different forms of this plant. Both the first and the second have complicated orders with positive and
negative imaginary parts, respectively. The target gain crossover frequency is once more ωgc ¼ 5 rad=s. For the plant
with a negative imaginary component, Table 4 displays the unknown parameters for varying PM values at
ωgc ¼ 5 rad=s.

In the same way, Table 5 displays the plant's unknown characteristics for the positive imaginary component.
The phase crossover frequency may be expressed as increasing with the PM. The GM falls when there is a negative

imaginary component and rises when there is a positive imaginary component.
The Bode diagrams for systems with negative imaginary parts, whose PM is between PM = [30�, 60�] degrees, are

displayed in Figure 9A. Additionally, the Bode diagrams for the systems with positive imaginary parts are displayed in
Figure 9B.

The intersection locations of k2 curves for systems having a negative imaginary component are displayed in
Figure 10A, while those for systems with a positive imaginary part are displayed in Figure 10B.

FIGURE 6 The system's (A) step responses and (B) load disturbance reactions. [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 3 For PM variations, kp, ki, kd, ωpc, and GM values were discovered.

PM ωgc ωpc GM kp ki kd

30� 5 21.7335 �11.59960 6.86739 22.8963 0.514943

35� 5 22.3576 �10.85560 7.01597 21.3809 0.575559

40� 5 22.8936 �10.14620 7.11115 19.8389 0.637239

45� 5 23.3614 �9.47673 7.15220 18.2820 0.699514

50� 5 23.7751 �8.84948 7.13883 16.7221 0.761910

55� 5 24.1452 �8.26502 7.07113 15.1710 0.823952

60� 5 24.4796 �7.72298 6.94961 13.6406 0.885168

DEMIRO�GLU ET AL. 13
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Consequently, the method's impact on the FCOP is demonstrated. The results are discussed in some detail in the
next section.

7 | DISCUSSION

The research examines a sophisticated plant model incorporating integer, fractional, and complex coefficients, as well
as exponential and time-delayed terms. This model is analyzed within a suggested framework and is expected to be
effectively controlled using a traditional PID controller. The study highlights the connection between the closed-loop
and open-loop transfer functions, using Bode diagrams to assess the latter. To mitigate the impact of unexpected load
disturbances, the design approach is particularly important. Additionally, simulations are crucial to minimize costs
associated with potential inaccuracies. The paper initially focuses on the IOP. To address overshoot issues caused by
unexpected load disturbances, the exponential value is adjusted to 25% to create a FOP. This paper then transitions to
the FCOP by converting the virtual exponential value of 25% into a complex exponential.

FIGURE 7 The system's (A) intersection points and (B) bode diagrams. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 8 The system's (A) step responses and (B) load disturbance reactions. [Colour figure can be viewed at wileyonlinelibrary.com]
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Step response and load disturbance response examples for the system with a PM of 45� are shown in Figure 11A,B,
respectively. The step responses of the FOP and IOP are similar. However, the FOP demonstrated improvements in set-
tling time and overshoot time. Additionally, the fractionalized plant exhibited fewer system failures and a faster
response to unexpected load disturbances compared to the integer plant.

For these cases, the system's bode diagram is displayed in Figure 12: (A) close view and (B) distant view.
The points labeled 1 and 2 in Examples 1 and 2 represent the gain crossover and phase crossover frequencies,

respectively. In Example 3, these frequencies are shown as points 3 and 4 for the positive and negative imaginary parts
of the system. The left points represent the gain crossover frequency, while the right points indicate the phase crossover

TABLE 4 For PM changes relative to the negative imaginary component, kp, ki, kd, ωpc, and GM values were discovered.

PM ωgc ωpc GM kp ki kd

30� 5 29.4660 �16.92980 8.87967 44.5844 0.442131

35� 5 30.3105 �15.76230 9.43037 42.5858 0.522074

40� 5 31.0037 �14.66440 9.90929 40.4748 0.606513

45� 5 31.5851 �13.64010 10.31280 38.2676 0.694804

50� 5 32.0817 �12.68820 10.63780 35.9807 0.786277

55� 5 32.5124 �11.80570 10.88190 33.6318 0.880234

60� 5 32.8907 �10.98900 11.04310 31.2387 0.975961

TABLE 5 For PM changes relative to the positive imaginary component, kp, ki, kd, ωpc, and GM values were discovered.

PM ωgc ωpc GM kp ki kd

30� 5 15.0538 �7.74174 4.37395 10.0156 0.477540

35� 5 15.6042 �7.33345 4.32379 9.0663 0.515516

40� 5 16.0862 �6.92938 4.24072 8.1314 0.552909

45� 5 16.5148 �6.53993 4.12538 7.2182 0.589436

50� 5 16.9005 �6.17129 3.97864 6.3337 0.624819

55� 5 17.2516 �5.82719 3.80162 5.4844 0.658788

60� 5 17.5739 �5.50991 3.59567 4.6770 0.691086

FIGURE 9 The bode diagrams (A) for systems having negative imaginary part, (B) for systems having positive imaginary part. [Colour

figure can be viewed at wileyonlinelibrary.com]
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frequency. This visual representation demonstrates how the plant's order change influences the phase crossover fre-
quency. If the ωpc of the IOP labeled with 1 is centered, the ωpc of the FOP moved left. Besides, the complex order plant
with negative conjugate caused the ωpc to move right, and the one with positive conjugate caused the ωpc to move left.
The changes in crossover frequencies between fractional and IOPs are important to consider when modifying the plant
order. Ensuring a wide stability margin is crucial. FOPs reduce the separation between the two crossover frequencies
compared to IOPs, while complex order plants with negative imaginary components increase this distance. Despite the
apparent shift in PM, the GM remains relatively unaffected, supporting the complex number theory. This suggests that
the imaginary component of the complex order plant influences more than just the phase crossover frequency location.

It would be beneficial to discuss about the difficulties and assumptions faced throughout the design process. The
design is based on satisfying gain and phase crossover frequencies towards the researcher's desire. Two different con-
trollers were tuned for this purpose. The first one satisfies the desired gain crossover frequency. The second one is for

FIGURE 10 The intersection points (A) for systems having negative imaginary part, (B) for systems having positive imaginary part.

[Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 11 The systems' (A) step response and (B) load disturbance reaction with PM = 45�. [Colour figure can be viewed at

wileyonlinelibrary.com]
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the phase crossover frequency. At the final stage, these two controllers were combined to satisfy these two specifications
at the same time. There presented two specifications for the gain crossover frequency (Equation 3 and Equation 4).
Since there are three parameters in PID controller structure, it became challenging to find three unknown variables
using two equations. To overcome this, an assumption of kp ¼ k1, ki ¼ k1k2, and kd ¼ k1k3 is done. This can be found in
the paragraphs before Equations (35) and (41). With the help of this conversion, the parameters of the PID controller
were successfully obtained.

8 | CONCLUSION

This study focuses on the analysis of physical changes in the plant model with the most general structure, which is
named as the FCOP. This model is built to cover plants having integer, real, and/or complex number coefficients and/or
orders. Thus, by properly changing the coefficients and orders, three different types of plants can easily be obtained.
Moreover, time delay can also be added. The aim is to provide stability and robustness to the system with the help of a
controller. To achieve this purpose, the classical proportional integral derivative controller was used. By correctly tun-
ing the controller consisting of three parameters, it was aimed to provide the desired stability and robustness of the sys-
tem. There are different methods proposed in the literature to achieve stability and robustness. One of the most
effective methods is flattening the phase curve in the system frequency response within a certain range. In many stud-
ies, the flattening process is achieved by taking the derivative of the system phase curve at a point called the tangent fre-
quency and equating it to zero. This method is effective, but it causes complex mathematical equations to become even
more complicated and therefore increases the computational cost. The method in this paper brings a graphical perspec-
tive to the flattening process of the phase curve. The phase curve will be flattened in the region between the gain cross-
over frequency and the phase crossover frequency. By appropriately tuning these two crossover frequency values, the
phase curve will also be relatively flattened. This can be thought of as flattening a rope pulled from both ends. If
the two ends of the rope represent two crossover frequencies, these crossover frequencies can be extended outward and
the curve in between can be flattened. The most important advantage of the method can be said to be that it provides
reliable formulas without causing mathematical complexity. Also, the crossover frequencies can easily be tuned towards
researcher's desire. The most important disadvantage is that the correct operation of the method depends on the selec-
tion of the suitable frequencies in a way that will ensure system stability. Although the method is effective, robustness
will not be achieved in a system that has not reached stability. By this study, the effect of an integer order controller on
various plants has been shown. For future studies, the study can be modified and optimized for more different types of
models.

FIGURE 12 The bode diagrams with PM = 45� (A) for systems having negative imaginary part, (B) for systems having positive

imaginary part. [Colour figure can be viewed at wileyonlinelibrary.com]
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