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ABSTRACT
General two-degree-of-freedom feedback loop factorisation for single-input single-output systems applied to oscillating plants
with time delay, periodic changes of the controlled plant parameters and astatism using the D-K iteration and algebraic approach
is described in this paper. The algebraic approach combines the structured singular value, algebraic theory and algorithm of
global optimisation solving remaining issues in structured singular value framework. The algorithm for global optimisation can be
alternated with direct search methods such as Nelder-Mead simplex method giving solutions for problems with one local extreme
for final tune-up optimisation. As a global optimisationmethod, Differential Migration is used proving to be reliable in solving this
type of problems. The D-K iteration is used as a reference method representing standard procedure for deriving optimal controller
in the structured singular value theory. The results obtained from the D-K iteration are compared with the algebraic approach.

1 Introduction

Robust control of systems with uncertain parameters is subject
to research for decades. Rarely, the parameters of the controlled
plant are known exactly and, often, the parameters of the physical
objects vary in time, that is, the plants are not time-invariant.
In this paper, the problem of uncertain time delay and periodic
changes of the controlled plant parameters with and without
astatism is solved using the D-K iteration and algebraic approach
with subsequent factorisation of the simple feedback loop con-
troller to two-degree-of-freedom feedback loop controller. The
essential tool is the structured singular value denoted 𝜇 (see
[1]) giving a measure of robust performance and stability. The
algebraic approach (see [2, 3] and [4]) and evolutionary algorithm
Differential Migration (see [5]) are used treating the problem of
multimodality of the cost function and impossibility of deriving

controller for performance weights with poles on the imaginary
axis. This implies that the final controller provides zero steady-
state error being impossible in the scope of the standard tools
using DGKF formulae for obtaining𝐻∞ (sub)optimal controllers
or othermethods such as linearmatrix inequality (LMI) approach
leading to numerical problems in most of real world cases (see [6,
7] and [8]). The algebraic approach overcomes some difficulties
connected with the D-K iteration, namely the fact that it does
not guarantee convergence to a global or even local minimum
(see [9]). Controllers obtained via the algebraic approach can
have simpler structure due to the fact that there is no need of
scaling matrices absorbance into generalised plant, hence, there
is no need of further simplification causing deterioration of the
frequency properties of the resulting controller. Moreover, the
controller structure can be chosen in advance being not possible
in the scope of currently used methods.
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Due tomultimodality of the cost function, evolutionary algorithm
is used providing solution for global optimisation. Evolutionary
algorithms belong to the new branches of artificial intelligence
(see [10, 11] and [12]) treating the problems being not solvable
using traditional optimisation tools. In this paper, a new evolu-
tionary algorithm—Differential Migration—is used having some
favourable properties compared to the existing ones, namely the
fact that lower computational time is needed for obtaining a
suitable solution.

In the proposedmethod, pole placement for the nominal feedback
loop is derived via solving the Diophantine equation in the ring
of Hurwitz-stable and proper rational functions (denoted 𝒮).
The structured singular value evaluates the robust stability and
performance of the controller.

Two-degree-of-freedom structure with factorisation of simple
feedback controller to feed-forward, feedback and compensator
part applicable to two-degree-of-freedom feedback interconnec-
tion (1DOF and 2DOF, see [13]) is derived for both D-K iteration
and the algebraic 𝜇-synthesis using factorisation of the simple
feedback loop controller resulting in general procedure applicable
to both controller derivation methods.

For comparison reasons, the controllers obtained from the D-
K iteration (see [14]) demonstrate the differences between the
standard and proposed method. The overall performance is
verified by simulations of step response for maximum values
of time delays in nominal and perturbed plant as well as the
plant perturbed by the periodic changes of its parameters and
maximum time delay in simple feedback loop and two-degree-
of-freedom interconnection.

The following notation is used: ‖ ⋅ ‖ denotes 𝐻∞ norm, 𝜎(⋅) is
maximum singular value, ℕ, ℝ, ℝ𝑛×𝑚 and ℂ, ℂ𝑛×𝑚 (𝑛,𝑚 ∈ ℕ)
are natural numbers, real numbers and matrices and complex
numbers and matrices, respectively, and 𝐈𝑛 is the unit matrix of
dimension 𝑛.

2 Preliminaries

Define 𝚫 as a set of block diagonal matrices

𝚫 ≡ {𝑑𝑖𝑎𝑔
[
𝛿𝐶1 𝐈𝑟1 , … , 𝛿𝐶

𝑆
𝐈𝑟𝑆 , 𝛿

𝑅
1 𝐈𝑐1 , … , 𝛿𝑅𝑇𝐈𝑐𝑇 ,

Δ𝐶
1 , … , Δ𝐶

𝐹, Δ
𝑅
1 , … , Δ𝑅

𝐾

]
∶

𝛿𝐶𝑠 ∈ ℂ, 𝑠 = 1…𝑆, 𝛿𝑅𝑡 ∈ ℝ, 𝑡 = 1…𝑇,

Δ𝐶
𝑓
∈ ℂ

𝑚1
𝑓
×𝑚2

𝑓 , 𝑓 = 1…𝐹, Δ𝑅
𝑘
∈ ℝ𝑛1

𝑘
×𝑛2

𝑘 , 𝑘 = 1…𝐾,

𝑟1 … 𝑟𝑆, 𝑐1 … 𝑐𝑇 ∈ ℕ,

𝑚1
1 …𝑚1

𝐹,𝑚
2
1 …𝑚2

𝐹, 𝑛
1
1 … 𝑛1𝐾, 𝑛

2
1 … 𝑛2

𝑘
∈ ℕ,

𝑠, 𝑡, 𝑓, 𝑘, 𝑆, 𝑇, 𝐹, 𝐾 ∈ ℕ}

(1)

For consistency among all the dimensions, the following condi-
tion must be held

FIGURE 1 LFT interconnection.

𝑆∑
𝑠=1

𝑟𝑠 +
𝑇∑
𝑡=1

𝑐𝑡 +
𝐹∑
𝑓=1

𝑚1
𝑓
+

𝐾∑
𝑘=1

𝑛1
𝑘
= 𝑛

𝑆∑
𝑠=1

𝑟𝑠 +
𝑇∑
𝑡=1

𝑐𝑡 +
𝐹∑
𝑓=1

𝑚2
𝑓
+

𝐾∑
𝑘=1

𝑛2
𝑘
= 𝑚

(2)

Definition 1. For𝐌 ∈ ℂ𝑛×𝑚 is 𝜇𝚫(𝐌) defined as

𝜇𝚫(𝐌) ≡
1

min{𝜎(Δ) ∶ Δ ∈ 𝚫, det(𝐈 −𝐌Δ) = 0}
(3)

If no suchΔ ∈ 𝚫 exists making 𝐈 −𝐌Δ singular, then 𝜇𝚫(𝐌) = 0.

Consider a complex matrix𝐌 partitioned as

𝐌 =

[
𝐌11 𝐌12

𝐌21 𝐌22

]
(4)

and suppose there is a defined block structure Δ2 which is
compatible in size with𝐌22 (for any Δ2 ∈ 𝚫𝟐, 𝚫𝟐 ⊂ 𝚫,𝐌22Δ2 is
square). For Δ2 ∈ 𝚫𝟐, consider the following loop equations

𝑒 = 𝐌11𝑑 +𝐌12𝑤

𝑧 = 𝐌21𝑑 +𝐌22𝑤

𝑤 = Δ2𝑧

(5)

If the inverse to 𝐈 −𝐌22Δ2 exists, then 𝑒 and 𝑑 must satisfy 𝑒 =
𝐅𝐿(𝐌,Δ2)𝑑, where

𝐅𝐿(𝐌,Δ2) = 𝐌11 +𝐌12Δ2(𝐈 −𝐌22Δ2)
−1𝐌21 (6)

is a linear fractional transformation on𝐌 byΔ2 and in a feedback
diagram appears as the loop in Figure 1.

The subscript 𝐿 on𝐅𝐿 pertains to the lower loop of𝐌 and is closed
by Δ2. An analogous formula describes 𝐅𝐿(𝐌,Δ2) which is the
resulting matrix obtained by closing the upper loop of𝐌 with a
matrix Δ1 ∈ 𝚫𝟏, 𝚫𝟏 ⊂ 𝚫.

Theorem 1. Let 𝛽 > 0. For all Δ2 ∈ 𝚫𝟐 with |𝜎(Δ2)| < 1

𝛽
,

the loop shown in Figure 1 is well-posed, internally stable, and‖𝐅𝐿(𝐌,Δ2)‖∞ ≤ 𝛽 if and only if

sup
𝜔∈ℝ

𝜇𝚫[𝐌(𝑗𝜔)] ≤ 𝛽 (7)
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FIGURE 2 Closed loop interconnection.

Proof. Proof is the same as in [15] and [1] except for the fact that
perturbations are complex matrices which simplifies the proof
and complies with the definition of 𝜇-function. □

3 Algebraic 𝝁-Synthesis

The algebraic 𝜇-synthesis is applicable to any control problem
transformable to the loop in Figure 2 where 𝐆 denotes the
generalised plant, 𝐊 is the controller, Δ𝑑𝑒𝑙 is the perturbation
matrix, 𝑟 is the reference and 𝑒 is the output.

The MIMO system with 𝑙 inputs and 𝑙 outputs can be decoupled
into 𝑙 identical SISO plants. In terms of continuous-time transfer
functions, the nominal model is defined as:

𝐏𝑛𝑜𝑚(𝑠) ≡

⎡⎢⎢⎢⎣
𝐏11(𝑠) ⋯ 𝐏1𝑙(𝑠)

⋮ ⋱ ⋮

𝐏𝑙1(𝑠) ⋯ 𝐏𝑙𝑙(𝑠)

⎤⎥⎥⎥⎦ (8)

For decoupling the nominal plant 𝐏𝑛𝑜𝑚(𝑠) [𝐏𝑛𝑜𝑚(𝑠) invertible], it
is satisfactory to define the controller as

𝐊(𝑠) = 𝐾(𝑠)𝐈𝑙
1

𝑃𝑥𝑦(𝑠)
𝑎𝑑𝑗[𝐏𝑛𝑜𝑚(𝑠)] (9)

where 𝑃𝑥𝑦 is an element of 𝑎𝑑𝑗[𝐏𝑛𝑜𝑚(𝑠)] = det[𝐏𝑛𝑜𝑚(𝑠)]⋅
⋅[𝐏𝑛𝑜𝑚(𝑠)]

−1 with the highest degree of numerator {𝑎𝑑𝑗[𝐏𝑛𝑜𝑚(𝑠)]
denotes adjugate matrix of 𝐏𝑛𝑜𝑚}. The definition of decoupling
matrix prevents the controller from cancelling any unstable poles
or zeros so that internal stability of the nominal feedback loop
is held. The MIMO problem is reduced to finding a controller
𝐾(𝑠) tuned by the poles of the nominal feedback loop with the
plant

𝐏𝑑𝑒𝑐(𝑠) =
1

𝑃𝑥𝑦(𝑠)
det[𝐏𝑛𝑜𝑚(𝑠)]𝐏𝑛𝑜𝑚(𝑠)−1𝐏𝑛𝑜𝑚(𝑠)

𝐏𝑑𝑒𝑐(𝑠) =
1

𝑃𝑥𝑦(𝑠)
det[𝐏𝑛𝑜𝑚(𝑠)]𝐈𝑙

(10)

FIGURE 3 Nominal feedback loop.

Equation (10) follows the nominal plant transfer function used in
algebraic approach controller derivation:

𝑃𝑑𝑒𝑐(𝑠) =
1

𝑃𝑥𝑦(𝑠)
det[𝐏𝑛𝑜𝑚(𝑠)] (11)

Transfer function 𝑃𝑑𝑒𝑐 can be approximated by a system 𝑃∗
𝑑𝑒𝑐

with
lower order than 𝑃𝑑𝑒𝑐

𝑃∗
𝑑𝑒𝑐
(𝑠) = 𝑏(𝑠)

𝑎(𝑠)
(12)

and rewritten in terms of its coefficients and transformed to the
elements of 𝒮

𝑃∗
𝑑𝑒𝑐
(𝑠) =

𝑏𝑛𝑠
𝑛+𝑏𝑛−1𝑠𝑛−1+⋯+𝑏1𝑠+𝑏0
(𝛼1+𝑠)(𝛼2+𝑠)⋅…⋅(𝛼𝑛+𝑠)

𝑎𝑛𝑠𝑛+𝑎𝑛−1𝑠𝑛−1+⋯+𝑎1𝑠+𝑎0
(𝛼1+𝑠)(𝛼2+𝑠)⋅…⋅(𝛼𝑛+𝑠)

(13)

The controller 𝐾 = 𝑁𝐾∕𝐷𝐾 is obtained by solving the Diophan-
tine equation

𝐴𝐷𝐾 + 𝐵𝑁𝐾 = 1 (14)

with 𝐴, 𝐵, 𝐷𝐾,𝑁𝐾 ∈ 𝒮. Equation (14) is the Bezout identity. All
feedback controllers 𝑁𝐾∕𝐷𝐾 are given by Youla parametrisation

𝐾 =
𝑁𝐾

𝐷𝐾

=
𝑁𝐾0

− 𝐴𝑇

𝐷𝐾0
+ 𝐵𝑇

,𝑁𝐾0
, 𝐷𝐾0

∈ 𝒮 (15)

where 𝑁𝐾0
, 𝐷𝐾0

∈ 𝒮 are particular solutions of (14) and 𝑇 is an
arbitrary element of 𝒮.

The controller 𝐾 satisfying Equation (14) guarantees the BIBO
(bounded input bounded output) stability of the feedback loop
in Figure 3. The BIBO stability is not necessary condition
for theorems related to robust stability and performance but,
without loss of generality, simplifies searching the optimal or
stabilising tuning parameters 𝛼𝑖 with 𝑖 = 1, 2, … 𝑛 + 𝑛1 + 𝑛2 and
arbitrary transfer function 𝑇 ∈ 𝒮. If the controller or nominal
plant has an astatism, then stabilising controller exists even
if performance weights with astatism are used implying non-
existence of state-space solutions using DGKF formulae (see [6])
due to zero eigenvalues of appropriate Hamiltonian matrices.
Such procedure results in zero steady-state error in the feedback
loop with the controller obtained as a solution to Equation (14).
This technique is neither possible in the scope of the standard 𝜇-
synthesis usingDGKF formulae, nor usingLMI approach (see [7])
leading to numerical problems inmost of real-world applications,
except algebraic 𝜇-synthesis solving this issue.
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The aim of synthesis is to find a controller satisfying the condition
(using 𝛼𝑖 and 𝑡𝑖 as tuning parameters):

sup
𝜔
𝜇𝑢𝚫[𝐅𝐿(𝐆,𝐊)(𝑗𝜔, 𝛼1, … , 𝛼𝑛+𝑛1+𝑛2 , 𝑡1, … , 𝑡𝑛2 )] ≤ 1, 𝜔 ∈ [0,∞)

(16)
where 𝜇𝑢Δ denotes upper bound 𝜇, 𝜔 is angular velocity in Fourier
transform, 𝑛 + 𝑛1 + 𝑛2 is the order of the nominal feedback
system, 𝑛1 is the order of particular solution 𝐾0, 𝑡𝑖 are arbitrary
parameters in 𝑇 = 𝑡𝑛2 𝑠

𝑛2+𝑡𝑛2−1𝑠
𝑛2−1+⋯+𝑡1𝑠+𝑡0

(𝛼𝑛+𝑛1+1+𝑠)(𝛼𝑛+𝑛1+2+𝑠)⋅…⋅(𝛼𝑛+𝑛1+𝑛2+𝑠)
and 𝜇𝚫 denotes

the structured singular value corresponding to uncertainty set 𝚫.

Tuning parameters 𝛼𝑖 are positive and constrained to the real axis
since parameters of the controller transfer function have to be real
and due to the fact that non-real poles cause oscillations of the
nominal feedback loop.

The cost function in (16) has many local extremes, hence, local
optimisation does not yield a suitable or even stabilising solution.
This issue can be overcome via evolutionary optimisation solving
the task more or less efficiently.

4 Modelling of Parametric Uncertainties for
Design Using Structured Singular Value

Consider a general set of plants with uncertain numerator and
denominator and uncertain time delay:

𝐏̃ ≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑏𝑛𝑠
𝑛 + 𝑏𝑛−1𝑠

𝑛−1 +⋯ + 𝑏1𝑠 + 𝑏0
𝑎𝑛𝑠𝑛 + 𝑎𝑛−1𝑠𝑛−1 +⋯ + 𝑎1𝑠 + 𝑎0

𝑒−𝜏𝑠 ∶

𝑎𝑖 ∈ [𝑎𝑖 − 𝑑𝑎𝑖, 𝑎𝑖 + 𝑑𝑎𝑖],

𝑏𝑖 ∈ [𝑏𝑖 − 𝑑𝑏𝑖, 𝑏𝑖 + 𝑑𝑏𝑖],

𝜏 ∈ [0, 𝑇𝑑], 𝑖 = 0, 1, … , 𝑛

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(17)

This set of plants corresponds to the interconnection in Figure 4
fitting into the linear fractional transformation (LFT) frame-
work. For the perturbations 𝛿𝑎𝑖 , 𝛿𝑏𝑖 ∈ ℝ, 𝛿𝑑𝑒𝑙 ∈ ℂ, the following
conditions hold

|𝛿𝑎𝑖 | < 1, |𝛿𝑏𝑖 | < 1, |𝛿𝑑𝑒𝑙| < 1, 𝑖 = 0, 1, … , 𝑛 (18)

The weights 𝑊𝑎𝑖
, 𝑊𝑏𝑖

and 𝑊𝑑𝑒𝑙 must satisfy the following
inequalities:

𝑊𝑎𝑖
= 𝑑𝑎𝑖∕(𝑎𝑛𝑠

𝑛−𝑖), 𝑖 = 0, 1, … , 𝑛 (19)

𝑊𝑏𝑖
= 𝑑𝑏𝑖∕(𝑎𝑛𝑠

𝑛−𝑖), 𝑖 = 0, 1, … , 𝑛 (20)

|𝑊𝑑𝑒𝑙| > |1 − 𝑒−𝑇𝑑𝑗𝜔|, for all 𝜔 ∈ ℝ (21)

Set of plants (17) corresponding to the interconnection in Figure 4
can be transformed to the interconnections in Figure 5 where the
sensitivity function as a performance indicator is included and
𝐏̃𝑛𝑜𝑚 with Δ2 in feedback loop is the open-loop interconnection
from Figure 4.

The perturbation matrix Δ2 is defined as:

Δ2 ≡

⎡⎢⎢⎢⎣
Δ𝑎 0 0

0 Δ𝑏 0

0 0 𝛿𝑑𝑒𝑙

⎤⎥⎥⎥⎦ (22)

Δ𝑎 ≡

⎡⎢⎢⎢⎢⎢⎣

𝛿𝑎0 0 ⋯ 0

0 𝛿𝑎1 ⋯ 0

⋮ ⋮ ⋱ ⋮

0 0 ⋯ 𝛿𝑎𝑛

⎤⎥⎥⎥⎥⎥⎦
(23)

Δ𝑏 ≡

⎡⎢⎢⎢⎢⎢⎣

𝛿𝑏0 0 ⋯ 0

0 𝛿𝑏1 ⋯ 0

⋮ ⋮ ⋱ ⋮

0 0 ⋯ 𝛿𝑏𝑛

⎤⎥⎥⎥⎥⎥⎦
(24)

For stability and performance of the feedback loop depicted in
Figure 5, Theorem 2 and subsequent Corollary 1 hold:

Theorem 2. Assume Δ2 defined by (18), (22), (23), (24),
then the loop in Figure 5 is well-posed, internally stable and‖𝐅𝐿[𝐅𝑈(𝐆, Δ2), 𝐾]‖∞ ≤ 1 if and only if

sup
𝜔∈ℝ

𝜇𝚫̃[𝐅𝐿(𝐆,𝐊)(𝑗𝜔)] ≤ 1 (25)

with 𝚫̃ ≡

{[
𝛿1 0

0 Δ2

]
∶ |𝛿1| < 1, 𝛿1 ∈ ℂ

}
, 𝚫̃ ⊂ 𝚫.

Proof. See [4]. □

The set of sensitivity functions 𝐒̃ is defined as the set of transfer
functions from the reference signal 𝑟 to error 𝑒 in Figure 6:

𝐒̃ ≡

{
1

1+𝑃𝐾
∶ 𝑃 ∈ 𝐏̃

}
(26)

A sufficient condition for the robust stability and performance
of the feedback loop in Figure 6 can be formed for the set
of sensitivity functions 𝐒̃ and a family of plants (17) as the
consequence of Theorem 2.

Corollary 1.With assumptions (19), (20), (21) and for every𝑃 ∈ 𝐏̃

defined by (17) and (18), the feedback loop in Figure 6 is well-posed,
internally stable and ‖𝑆𝑊1‖∞ ≤ 1 for every 𝑆 ∈ 𝐒̃ if (25) holds.

Proof. The proof follows from Figure 4, inequalities (25), (18),
definitions (19), (20), (21) and Theorem 2. □

5 Examples of Uncertain Systems with Periodic
Changes of Parameters

5.1 Plant Definitions

Define the following set of plants with uncertain time delay and
uncertain coefficients in numerator and denominator and the
corresponding weights (𝑡 denotes time):

4 of 12 The Journal of Engineering, 2025
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FIGURE 4 The general parametric uncertainties system interconnection for LFT framework.

FIGURE 5 Closed-loop interconnection.

FIGURE 6 Feedback loop for 𝑃 ∈ 𝐏̃.

𝐏̃1 ≡

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑏1,0

𝑎1,3𝑠3 + 𝑎1,2𝑠2 + 𝑎1,1𝑠 + 𝑎1,0
⋅ 𝑒−𝜏1𝑠 ∶

𝑎1,0 = 1,

𝑎1,1 ∈ [3 − 0.3, 3 + 0.3], 𝑎1,1 = 3 + 0.3𝑠𝑖𝑛(𝑡),

𝑎1,2 ∈ [3 − 0.3, 3 + 0.3], 𝑎1,2 = 3 + 0.3𝑠𝑖𝑛(𝑡),

𝑎1,3 = 1,

𝑏1,0 ∈ [2 − 0.2, 2 + 0.2], 𝑏1,1 = 2 + 0.2𝑠𝑖𝑛(𝑡),

𝜏1 ∈ [0, 4]

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(27)

𝑊𝑎1,1
= 0.3∕𝑠2 (28)

𝑊𝑎1,2
= 0.3∕𝑠 (29)

𝑊𝑏1,0
= 0.2∕𝑠3 (30)

|𝑊𝑑𝑒𝑙1| > |1 − 𝑒4𝑗𝜔|, 𝜔 ∈ ℝ ⇒ 𝑊𝑑𝑒𝑙1 =
2𝑠

2𝑠 + 1
⋅ 2.5 (31)

𝑊𝐴
1,1 =

1

400𝑠2 + 40𝑠
(32)

𝑊𝐷−𝐾
1,1 = 1

400𝑠2 + 40𝑠 + 0.00001
(33)

𝐏̃2 ≡

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑏2,0

𝑎2,4𝑠4 + 𝑎2,3𝑠3 + 𝑎2,2𝑠2 + 𝑎2,1𝑠
⋅ 𝑒−𝜏2𝑠 ∶

𝑎2,1 = 1,

𝑎2,2 ∈ [3 − 0.3, 3 + 0.3], 𝑎2,2 = 3 + 0.3𝑠𝑖𝑛(0.1 ⋅ 𝑡),

𝑎2,3 ∈ [3 − 0.3, 3 + 0.3], 𝑎2,3 = 3 + 0.3𝑠𝑖𝑛(0.1 ⋅ 𝑡),

𝑎2,4 = 1,

𝑏2,0 ∈ [2 − 0.2, 2 + 0.2], 𝑏2,0 = 2 + 0.2𝑠𝑖𝑛(0.1 ⋅ 𝑡),

𝜏2 ∈ [0, 4]

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(34)

𝑊𝑎2,2
= 0.3∕𝑠2 (35)

𝑊𝑎2,3
= 0.3∕𝑠 (36)

𝑊𝑏2,0
= 0.2∕𝑠4 (37)
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FIGURE 7 Bode plot of |𝑊𝑑𝑒𝑙1| = |𝑊𝑑𝑒𝑙2| (dashed) and |1 − 𝑒4𝑗𝜔|
(full).

|𝑊𝑑𝑒𝑙2| > |1 − 𝑒4𝑗𝜔|, 𝜔 ∈ ℝ ⇒ 𝑊𝑑𝑒𝑙2 =
2𝑠

2𝑠 + 1
⋅ 2.5 (38)

𝑊𝐴
2,1 =

1

400𝑠2 + 40𝑠
(39)

𝑊𝐷−𝐾
2,1 = 1

400𝑠2 + 40𝑠 + 0.00001
(40)

𝐏̃3 ≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑏3,0

𝑎3,3𝑠3 + 𝑎3,1𝑠
⋅ 𝑒−𝜏3𝑠 ∶

𝑎3,1 ∈ [1 − 0.2, 1 + 0.2], 𝑎3,1 = 1 + 0.2𝑠𝑖𝑛(0.1 ⋅ 𝑡),

𝑎3,3 = 1,

𝑏3,0 ∈ [1 − 0.2, 1 + 0.2], 𝑏3,0 = 1 + 0.2𝑠𝑖𝑛(0.1 ⋅ 𝑡),

𝜏3 ∈ [0, 0.5]

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(41)

𝑊𝑎3,1
= 0.2∕𝑠2 (42)

𝑊𝑏3,0
= 0.2∕𝑠3 (43)

|𝑊𝑑𝑒𝑙3| > |1 − 𝑒0.5𝑗𝜔|, 𝜔 ∈ ℝ ⇒ 𝑊𝑑𝑒𝑙3 =
2𝑠

2𝑠 + 5
⋅ 2.3 (44)

𝑊𝐴
3,1 =

0.005

400𝑠2 + 40𝑠
(45)

𝑊𝐷−𝐾
3,1 = 0.4

400𝑠2 + 40𝑠 + 0.00001
(46)

The bode plots of |𝑊𝑑𝑒𝑙1| = |𝑊𝑑𝑒𝑙2|, |1 − 𝑒4𝑗𝜔| and |𝑊𝑑𝑒𝑙3|, |1 −
𝑒0.5𝑗𝜔| are in Figures 7 and 8, respectively, proving that weights
in multiplicative uncertainty satisfy condition (21) being the
envelope curve of the right side of inequality (21) with small
conservatism.Weights (28), (29), (30), (35), (36), (37), (42) and (43)
follow fromEquations (19) and (20) with respect to 𝐏̃1, 𝐏̃2, 𝐏̃3 ⊂ 𝐏.

5.2 Global Optimisation Using Evolutionary
Algorithm

In order to overcome multimodality of the cost function (16)
evolutionary algorithm Differential Migration is used (DM, [5])
due to shorter time needed for finding global minimum than
other algorithms of this type with final tune-up carried out
by Nelder–Mead simplex method. Parameters of DM for each
controlled plant are in Tables 1–3.

FIGURE 8 Bode plot of |𝑊𝑑𝑒𝑙3| (dashed) and |1 − 𝑒0.5𝑗𝜔| (full).
TABLE 1 DM parameters for the set of plants 𝐏̃1.

Parameter Value

Arbitrary polynomial none
Min. value of 𝛼 0
Max. value of 𝛼 80
Number of population 30
Jump range [0.2, 4]
Perturbation constant 0.7
Max. number of migration loops 90
Accepted error 0
Cluster distance 1.3

TABLE 2 DM parameters for the set of plants 𝐏̃2.

Parameter Value

Arbitrary polynomial none
Min. value of 𝛼 0
Max. value of 𝛼 2
Number of population 30
Jump range [0.2, 4]
Perturbation constant 0.7
Max. number of migration loops 150
Accepted error 0
Cluster distance 1.25

Final negated nominal feedback loop poles and arbitrary polyno-
mial obtained via global optimisation and direct search method
are:

Set of plants 𝐏̃1:

𝛼1,1 = 0.0793; 𝛼1,2 = 0.6207; 𝛼1,3 = 1.3709

𝛼1,4 = 1.5665; 𝛼1,5 = 2.0358; 𝛼1,6 = 30.5718
(47)

6 of 12 The Journal of Engineering, 2025
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TABLE 3 DM parameters for the set of plants 𝐏̃3.

Parameter Value

Arbitrary polynomial degree 1
Min. value of 𝛼 0
Max. value of 𝛼 2
Min. value of arbitrary parameters 0
Max. value of arbitrary parameters 10
Number of population 30
Jump range [0.2, 4]
Perturbation constant 0.7
Max. number of migration loops 60
Accepted error 0
Cluster distance 1.3

Set of plants 𝐏̃2:

𝛼2,1 = 0.0482; 𝛼2,2 = 0.0591; 𝛼2,3 = 0.5004

𝛼2,4 = 1.1622; 𝛼2,5 = 1.3631; 𝛼2,6 = 1.4148

𝛼2,7 = 1.7386

(48)

Set of plants 𝐏̃3:

𝛼3,1 = 0.0262; 𝛼3,2 = 0.9694; 𝛼3,3 = 1.0708

𝛼3,4 = 1.2300; 𝛼3,5 = 1.2646; 𝛼3,6 = 1.3130

Arbitrary polynomial: 𝑡(𝑠) = 6.6051𝑠 + 4.2687

(49)

Final controllers corresponding to negated nominal feedback
loop poles and arbitrary polynomial obtained from global optimi-
sation (47)–(49) and controllers obtained via D-K iteration using
modified performance weights𝑊𝐷−𝐾

1,1 ,𝑊𝐷−𝐾
2,1 and𝑊𝐷−𝐾

3,1 are:

Set of plants 𝐏̃1:

𝐾𝐴
1 (𝑠) =

9.442𝑠3 + 19.1𝑠2 + 11.82𝑠 + 3.29

𝑠3 + 33.24𝑠2 + 82.36𝑠
(50)

𝐾𝐷−𝐾
1 (𝑠) = (345𝑠3 + 488𝑠2 + 272𝑠 + 0.767) ⋅ 10−4

𝑠3 + 0.974𝑠2 + 0.00292𝑠 + 1.02 ⋅ 10−9
(51)

Set of plants 𝐏̃2:

𝐾𝐴
2 (𝑠) =

0.0700𝑠3 + 0.1805𝑠2 + 0.1178𝑠 + 0.0028

𝑠3 + 3.286𝑠2 + 2.655𝑠 + 0.00079
(52)

𝐾𝐷−𝐾
2 (𝑠) = (−32.8𝑠4 + 281𝑠3 + 474𝑠2 + 118𝑠 + 0.856) ⋅ 10−4

𝑠4 + 0.658𝑠3 + 2.52𝑠2 + 0.359𝑠 + 1.97 ⋅ 10−7
(53)

Set of plants 𝐏̃3:

𝐾𝐴
3 (𝑠)=

3.4𝑠6 + 17.2𝑠5 + 16𝑠4 − 9.39𝑠3 − 12.1𝑠2 − 0.0177𝑠 + 0.113

𝑠6 + 9.68𝑠5 + 40𝑠4 + 86.1𝑠3 + 92.8𝑠2 + 43.3𝑠 + 5.11

(54)

𝐾𝐷−𝐾
3 (𝑠) = (−3.304𝑠3 + 44.34𝑠2 + 10.56𝑠 + 0.103) ⋅ 10−4

𝑠3 + 0.238𝑠2 + 0.0271𝑠 − 1.46 ⋅ 10−8
(55)

FIGURE 9 Upper bound 𝜇-plot for the set of plants 𝐏̃1 with the
controllers obtained by the D-K iteration and algebraic approach.

FIGURE 10 Upper bound 𝜇-plot for the set of plants 𝐏̃2 with the
controllers obtained by the D-K iteration and algebraic approach.

FIGURE 11 Upper bound 𝜇-plot for the set of plants 𝐏̃3 with the
controllers obtained by the D-K iteration and algebraic approach.

The upper bound 𝜇 plots in Figures 9–11 show that both con-
trollers have the supremum of upper bound 𝜇 below one and
the robust stability and performance conditions in Corollary 1 are
satisfied for all controlled plants with maximum values of upper
bound 𝜇:

sup
𝜔

𝜇𝑢
𝚫1

[
𝐅𝐿

(
𝐆1, 𝐾

𝐴
1

)]
= 0.488, sup

𝜔

𝜇𝑢
𝚫1

[
𝐅𝐿

(
𝐆1, 𝐾

𝐷−𝐾
1

)]
= 0.603,

sup
𝜔

𝜇𝑢
𝚫2

[
𝐅𝐿

(
𝐆2, 𝐾

𝐴
2

)]
= 0.628, sup

𝜔

𝜇𝑢
𝚫2

[
𝐅𝐿

(
𝐆2, 𝐾

𝐷−𝐾
2

)]
= 0.644,

sup
𝜔

𝜇𝑢
𝚫3

[
𝐅𝐿

(
𝐆3, 𝐾

𝐴
3

)]
= 0.596, sup

𝜔

𝜇𝑢
𝚫3

[
𝐅𝐿

(
𝐆3, 𝐾

𝐷−𝐾
3

)]
= 0.563
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FIGURE 12 2DOF feedback loop for 𝑃𝑖 ∈ P̃𝑖 and 𝑖 = 1, 2, 3.

where 𝜔 ∈ [0,∞), 𝚫1, 𝚫2, 𝚫3 ⊂ 𝚫̃ ⊂ 𝚫 and 𝐆1, 𝐆2, 𝐆3 cor-
respond to set of plants 𝐏̃1, 𝐏̃2, 𝐏̃3, respectively, fitting into
interconnections in Figure 4 and 5.

5.3 Factorisation for 2DOF Feedback Loop

The controllers for 2DOF feedback loop (Figures 12a,b—algebraic
approach and D-K iteration, respectively) have the compensator
(𝑛𝐾𝐴

𝑖
2, 𝑑𝐾𝐴

𝑖
2, 𝑛𝐾𝐷−𝐾

𝑖
2, 𝑑𝐾𝐷−𝐾

𝑖
2) defined as fraction of the factors

corresponding to most stable zeros and all unstable poles of 𝐾𝐴
𝑖

and 𝐾𝐷−𝐾
𝑖

and if there are complex conjugate poles or zeros, then
the nextmost stable zero or least stable pole is used, and if there is
no such zero and pole, then most stable complex conjugate zeros
or least stable complex conjugate poles and two corresponding
least stable zeros and most stable poles or complex conjugate
zeros or least stable complex conjugate poles are used, so that
no single conjugate pole or zero is in numerator or denominator
of compensator and equivalently in the feedback part of the
controller. If there is no unstable pole of 𝐾𝐴

𝑖
and 𝐾𝐷−𝐾

𝑖
, then most

stable zero and least stable pole is used as initial step. Necessary
condition for these steps is that no unstable pole of 𝐾𝐴

𝑖
and

𝐾𝐷−𝐾
𝑖

is omitted from 𝑑𝐾𝐴
𝑖
2 and 𝑑𝐾𝐷−𝐾

𝑖
2. The feedback (𝑛𝐾𝐴

𝑖
1, 𝑑𝐾𝐴

𝑖
1,

𝑛𝐾𝐷−𝐾
𝑖

1, 𝑑𝐾𝐷−𝐾
𝑖

1) and feed-forward part (𝑛𝐾𝐴
𝑖
𝐹𝑊 , 𝑑𝐾𝐴

𝑖
1, 𝑛𝐾𝐷−𝐾

𝑖
𝐹𝑊 ,

𝑑𝐾𝐷−𝐾
𝑖

1) are defined by the fraction of the factors corresponding to
remaining zeros and poles of 𝐾𝐴

𝑖
and 𝐾𝐷−𝐾

𝑖
with 𝑛𝐾𝐴

𝑖
𝐹𝑊 = 𝑛𝐾𝐴

𝑖
1,0

and 𝑛𝐾𝐷−𝐾
𝑖

𝐹𝑊 = 𝑛𝐾𝐷−𝐾
𝑖

1,0 (𝑛𝐾𝐴
𝑖
1,0, 𝑛𝐾𝐷−𝐾

𝑖
1,0 being the coefficients of

𝑛𝐾𝐴
𝑖
1 and 𝑛𝐾𝐷−𝐾

𝑖
1 of zero exponent of 𝑠 and 𝑖 = 1, 2, 3). In some

cases, the least stable zeros can be moved to the compensator
instead of the most stable ones.

The necessary condition for the feedback part and compensator
is:

𝐾𝐴
𝑖
=
𝑛𝐾𝐴

𝑖
1 ⋅ 𝑛𝐾𝐴

𝑖
2

𝑑𝐾𝐴
𝑖
1 ⋅ 𝑑𝐾𝐴

𝑖
2

, 𝐾𝐷−𝐾
𝑖

=
𝑛𝐾𝐷−𝐾

𝑖
1 ⋅ 𝑛𝐾𝐷−𝐾

𝑖
2

𝑑𝐾𝐷−𝐾
𝑖

1 ⋅ 𝑑𝐾𝐷−𝐾
𝑖

2

, 𝑖 = 1, 2, 3 (56)

Set of plants 𝐏̃1:
𝑛𝐾𝐴

1
1

𝑑𝐾𝐴
1
1

= 9.442𝑠2 + 7.397𝑠 + 2.655

𝑠2 + 33.24𝑠 + 82.36
,

𝑛𝐾𝐴
1
𝐹𝑊

𝑑𝐾𝐴
1
1

= 2.655

𝑠2 + 33.24𝑠 + 82.36
,
𝑛𝐾𝐴

1
2

𝑑𝐾𝐴
1
2

= 𝑠 + 1.239

𝑠
(57)

𝑛𝐾𝐷−𝐾
1

1

𝑑𝐾𝐷−𝐾
1

1

= 0.0345𝑠2 + 0.0487𝑠 + 0.0271

𝑠2 + 0.974𝑠 + 0.00292
,

𝑛𝐾𝐷−𝐾
1

𝐹𝑊

𝑑𝐾𝐷−𝐾
1

1

= 0.0271

𝑠2 + 0.974𝑠 + 0.00292
,
𝑛𝐾𝐷−𝐾

1
2

𝑑𝐾𝐷−𝐾
1

2

= 𝑠 + 0.00284

𝑠 + 3.51 ⋅ 10−7
(58)

Set of plants 𝐏̃2:

𝑛𝐾𝐴
2
1

𝑑𝐾𝐴
2
1

= 0.06957𝑠2 + 0.08082𝑠 + 0.001938

𝑠2 + 3.286𝑠 + 2.654
,

FIGURE 13 Simulation for simple feedback loop and nominal plant
of the set of plants 𝐏̃1.

𝑛𝐾𝐴
2
𝐹𝑊

𝑑𝐾𝐴
2
1

= 0.001938

𝑠2 + 3.286𝑠 + 2.654
,
𝑛𝐾𝐴

2
2

𝑑𝐾𝐴
2
2

= 𝑠 + 1.433

𝑠 + 0.0002988
(59)

𝑛𝐾𝐷−𝐾
2

1

𝑑𝐾𝐷−𝐾
2

1

= −32.75𝑠3 + 319.1𝑠2 + 99.48𝑠 + 0.7288

𝑠3 + 0.6583𝑠2 + 2.522𝑠 + 0.3587
⋅ 10−4,

𝑛𝐾𝐷−𝐾
2

𝐹𝑊

𝑑𝐾𝐷−𝐾
2

1

= 7.288 ⋅ 10−5

𝑠3 + 0.6583𝑠2 + 2.522𝑠 + 0.3587
,

𝑛𝐾𝐷−𝐾
2

2

𝑑𝐾𝐷−𝐾
2

2

= 𝑠 + 1.175

𝑠 + 5.486 ⋅ 10−7
(60)

Set of plants 𝐏̃3:

𝑛𝐾𝐴
3
1

𝑑𝐾𝐴
3
1

= 3.4𝑠5 + 4.92𝑠4 − 1.68𝑠3 − 3.35𝑠2 − 0.0137𝑠 + 0.0315

𝑠5 + 9.51𝑠4 + 38.35𝑠3 + 79.46𝑠2 + 79.11𝑠 + 29.67
,

𝑛𝐾𝐴
3
𝐹𝑊

𝑑𝐾𝐴
3
1

= 0.0315

𝑠5 + 9.51𝑠4 + 38.35𝑠3 + 79.46𝑠2 + 79.11𝑠 + 29.67
,

𝑛𝐾𝐴
3
2

𝑑𝐾𝐴
3
2

= 𝑠 + 3.6

𝑠 + 0.172
(61)

𝑛𝐾𝐷−𝐾
3

1

𝑑𝐾𝐷−𝐾
3

1

= −3.3𝑠2 + 45.1𝑠 + 0.459

𝑠2 + 0.238𝑠 + 0.0271
⋅ 10−4,

𝑛𝐾𝐷−𝐾
3

𝐹𝑊

𝑑𝐾𝐷−𝐾
3

1

= 4.59 ⋅ 10−5

𝑠2 + 0.238𝑠 + 0.0271
,
𝑛𝐾𝐷−𝐾

3
2

𝑑𝐾𝐷−𝐾
3

2

= 𝑠 + 0.224

𝑠 − 5.37 ⋅ 10−7
(62)

5.4 Comparison Study

Simulations for nominal plants of the set of plants 𝐏̃1, 𝐏̃2, 𝐏̃3
in the sense of Figures 4 and 5 connected in simple feedback
loop (Figure 6) and 2DOF feedback loop (Figures 12a, b) are in
Figures 13–18. Simulations for set of plants 𝐏̃1, 𝐏̃2, 𝐏̃3 perturbed
by worst case perturbation (in the sense of highest upper bound
𝜇) in Figures 19–24 show that there is no significant deterioration
compared to the nominal plants. For set of plants 𝐏̃2 and 𝐏̃3
and simple feedback loop, there is an overshoot for D-K iteration
disappearing for 2DOF feedback loop. The algebraic approach has
an overshoot for the set of plants 𝐏̃2 being resolved using 2DOF
feedback loop. Figures 13–24 show that algebraic approach has
faster set point tracking than the D-K iteration controller.
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FIGURE 14 Simulation for simple feedback loop and nominal plant
of the set of plants 𝐏̃2.

FIGURE 15 Simulation for simple feedback loop and nominal plant
of the set of plants 𝐏̃3.

FIGURE 16 Simulation for 2DOF feedback loop and nominal plant
of the set of plants 𝐏̃1.

The simulations with set of plants 𝐏̃1 in Figures 13, 16, 19, and
22 prove that the D-K iteration has non-zero steady state error
for both the nominal plant and plant perturbed by the worst case
perturbation, unlike the controller derived via algebraic approach
having zero steady state error and faster set point tracking.

FIGURE 17 Simulation for 2DOF feedback loop and nominal plant
of the set of plants 𝐏̃2.

FIGURE 18 Simulation for 2DOF feedback loop and nominal plant
of the set of plants 𝐏̃3.

FIGURE 19 Simulation for simple feedback loop and worst case
perturbation—set of plants 𝐏̃1.

Step response for set of plants 𝐏̃1, 𝐏̃2, 𝐏̃3 with periodic changes of
their parameters are in Figures 25–27. Simulations for set of plants
𝐏̃1, 𝐏̃2, 𝐏̃3with periodic changes of their parameters in Figures 28–
33 demonstrate that the stability is held for both simple feedback
loop and 2DOF feedback loop.
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FIGURE 20 Simulation for simple feedback loop and worst case
perturbation - set of plants 𝐏̃2.

FIGURE 21 Simulation for simple feedback loop and worst case
perturbation—set of plants 𝐏̃3.

FIGURE 22 Simulation for 2DOF feedback loop and worst case
perturbation—set of plants 𝐏̃1.

Simulations with periodic changes of parameters were done with
maximum timedelays consequent upon the plant definitions (27),
(34), (41), that is, 𝜏1 = 𝜏2 = 4 and 𝜏3 = 0.5.

FIGURE 23 Simulation for 2DOF feedback loop and worst case
perturbation—set of plants 𝐏̃2.

FIGURE 24 Simulation for 2DOF feedback loop and worst case
perturbation—set of plants 𝐏̃3.

FIGURE 25 Step response for periodic changes of parameters and
set of plants 𝐏̃1.

6 Conclusion

The paper demonstrated benefits of the algebraic𝜇-synthesis over
D-K iteration as the reference method, namely the fact that the
controller structure can be chosen in advance and the fact that
performance weight can have astatism in its transfer function.
The simulation showed that though D-K iteration acquired zero

10 of 12 The Journal of Engineering, 2025
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FIGURE 26 Step response for periodic changes of parameters and
set of plants 𝐏̃2.

FIGURE 27 Step response for periodic changes of parameters and
set of plants 𝐏̃3.

FIGURE 28 Simulations for simple feedback loop with periodic
changes—algebraic approach, D-K iteration and set of plants 𝐏̃1.

steady state error for the controlled plants with astatism an
overshoot, as drawback, appeared in time response, unlike the
controller obtained using the algebraic approach.

Factorisation procedure of simple feedback loop to 2DOF inter-
connection for both algebraic 𝜇-synthesis and D-K iteration has
been shown and verified via simulation of step response for
three plant families comprising nominal, perturbed by worst

FIGURE 29 Simulations for simple feedback loop with periodic
changes—algebraic approach, D-K iteration and set of plants 𝐏̃2.

FIGURE 30 Simulations for simple feedback loop with periodic
changes—algebraic approach, D-K iteration and set of plants 𝐏̃3.

FIGURE 31 Simulations for 2DOF feedback loop with periodic
changes—algebraic approach, D-K iteration and set of plants 𝐏̃1.

case perturbation and periodic changes case connected with
2DOF controller.

Since from the structured singular value theory follows that the
stability and performance is guaranteed for the whole range of
time delays, only the maximum time delay and the nominal case
are studied in simulations proving functionality of both methods,
that is, D-K iteration and the algebraic approach, following from
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FIGURE 32 Simulations for 2DOF feedback loop with periodic
changes—algebraic approach, D-K iteration and set of plants 𝐏̃2.

FIGURE 33 Simulations for 2DOF feedback loop with periodic
changes—algebraic approach, D-K iteration and set of plants 𝐏̃3.

the fact that the maximum upper bound of 𝜇-function is lower
than 1 with some margin.

The only disadvantage of the algebraic 𝜇-synthesis is the usage
of global optimisation algorithm for upper bound 𝜇 optimisation
causing long time to be needed for obtaining a suitable controller
and the fact that the optimality of the controller is not guaranteed.
The similar issue is present in the D-K iteration causing non-
optimality of the resulting D-K iteration controller consequent
upon approximation of the scalingmatrices𝐷 and𝐷−1 by transfer
function matrices 𝐷̂(𝑠) and 𝐷̂−1(𝑠).
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