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A B S T R A C T

The original transfer-stable aggregation functions generalized the arithmetic means to finite chains. The idea
of applying these functions was later demonstrated by purchasing several products depending on the quality
and price of the products. This paper aims to continue this idea and show other possible applications of
transfer-stable aggregation functions. We identify several concerns in various applications and present possible
remedies to address these concerns. We show different types of lattices could be used to compile the assignment
of a given application problem. Based on this finding, we can very effectively divide the products into so-called
qualitative classes. We conclude that distance-stable lattices are most effective in these applications. Moreover,
we also show that the classes better reflect reality using these lattices.
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. Introduction

The theory of aggregation functions has deep roots dating back to
he beginnings of the use of the arithmetic mean [1–4] or also to the
irst use of the collected data from which a conclusion was drawn in the
orm of a single value. Aggregation is a process where a result is derived
n the basis of some data (primarily numerical) to the form of a single
alue. The mathematical theory dealing with this process is called the
heory of aggregation functions [5–11]. Aggregation functions math-
matically realize the result as a single value and satisfy two natural

E-mail address: Kury.Z@seznam.cz.

conditions: the aggregation function is non-decreasing and satisfies the
boundary conditions. It should be noted that these conditions are not
universal. In the entire history of the study of the aggregation process,
it is possible to find more general functions that the result of these
functions is also a certain type of a single value. However, a general
study of the aggregation process has shown that most of the functions
used to process statistical data meet the two mentioned conditions.

For a long time, aggregation functions were used only on real
numbers, respective number sets in general, due to statistics as a
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numerical discipline. Recently, however, other structures have be-
come more prominent, especially non-linear ones, where the theory
of aggregation functions manifests differently in some cases [12–15].
One such group of non-linear structures is bounded lattices [16–
24] (a partially ordered set, where for every two elements there is
a supremum and an infimum), where the above two conditions for
the aggregation function 𝐴 on the bounded lattice 𝐿 are in the form:
for 𝐱 =

(

𝑥1, 𝑥2,… , 𝑥𝑘
)

, 𝐲 =
(

𝑦1, 𝑦2,… , 𝑦𝑘
)

∈ 𝐿𝑘 we have

(1) 𝐱 ≤ 𝐲 ⇒ 𝐴(𝐱) ≤ 𝐴(𝐲),
(2) 𝐴(0,… , 0) = 0 and 𝐴(1,… , 1) = 1.

The arithmetic mean is probably the best known aggregation func-
tion, and its form is known on real numbers. However, our focus on
finite bounded lattices raises a question. How can arithmetic mean
be modeled in these structures? In the paper [25], it was shown
that the arithmetic mean could not be defined on nonlinearly ordered
structures, but it can be converted from infinite chains (real numbers)
to finite chains. This transformation created so-called transfer-stable
means. These functions are equivalent to the arithmetic mean on finite
chains, as shown in [26]. Also, these functions can only be defined on
chains because of idempotence. In the paper [26], idempotence was
removed, and the so-called transfer-stable aggregation function was
created. These functions can already be defined on any finite lattice.
Despite this new fact, it turned out that these functions are easiest to
define on the so-called transfer-stable lattices.

This paper is a continuation of the paper [26], especially the last
section on the appropriate application of these functions. It has been
shown that transfer-stable aggregation functions are closely related to
the business strategy of purchasing [27–32] more products for the
lowest cost and best quality. This was also the motivation for writing
this paper to show the strength of transfer-stable aggregation functions
in the business sector and their possible use in practice. Further moti-
vation can be to choose the right combination of products when buying
several products at once or choosing one product depending on several
parameters. Moreover, in the final examples, we show how the theory
of lattices can be effectively applied in real life [33,34].

Transfer-stable aggregation functions guide us in choosing precisely
the products we want and need from a large number of products. It
is clear that there are many ways to achieve this aim, and this paper
describes one of them. Some might say that the use of this method is
very limited in practice, but our goal is not to cover the entire business
strategy for multi-product purchases. We just want to outline some
possible scenarios for using this method.

The main idea of this business strategy is to divide products into
lattices (usually, products of the same type into one lattice), which are
then combined (using the direct product) into one big lattice (lattice of
all products).1 By applying a transfer-stable function to this lattice, we
get several possible classes (qualitative classes). Each qualitative class
contains equivalent purchases, which means that two selections from
the same qualitative class have the same price/quality ratio.

The first problem is to find the appropriate (the best) class, the
so-called golden mean. Generally, this is the class that fits the buyer
and the seller (they agree that this class is a good option for both
sides). In other words, this is the class from which we want to choose
our final purchase. Therefore, the second problem is the choice of our
final purchase. Moreover, we will try to add different priorities to the
business strategy that will help to select the golden mean and the final
purchase in this class.

The main aim of this paper is to demonstrate several real-life
examples to show that transfer-stable aggregation functions can also
be extended to the area of multicriteria decision-making [35–43]. In
addition, for each example, the goal will be to identify the golden
mean (the properly chosen qualitative class) and to select the right

1 Please pay attention to the difference in the word product. The direct
roduct is the operation, but the product is the good in the store.
2

final choice from this class based on the given conditions for purchasing
several products.

For a better understanding, we note (for a better understanding of
the paper) that each combination of products or parameters will be
written in angle brackets, i.e.,
⟨

product 1,product 2,product 3,product 4,product 5
⟩

r

parameter 𝐴,parameter 𝐵,parameter 𝐶,parameter 𝐷,parameter 𝐸
⟩

,

where each product or parameter has its own lattice (same or different).
To make the given examples realistically accurate, the default data

for each example was taken from the website: http://alza.cz/.

2. Transfer-stable preliminaries

At the beginning we will recall important terms from the theory of
transfer-stable aggregation functions. The first and the most important
term is the so-called transfer-stability, which is closely related to the
distance in the lattice according to the corresponding Hasse diagram.

Definition 2.1. Let (𝐿,≤) be a finite lattice and 𝑥, 𝑦 ∈ 𝐿. Then 𝑦 covers
𝑥 (𝑦 is a successor of 𝑥), written 𝑥 ≺ 𝑦, if 𝑥 < 𝑦 and there is no 𝑧 ∈ 𝐿
such that 𝑥 < 𝑧 < 𝑦. Moreover, the notation 𝑥 ⪯ 𝑦 means 𝑥 ≺ 𝑦 or 𝑥 = 𝑦.

Definition 2.2. A function 𝐴∶ 𝐿𝑘 → 𝐿 on the finite lattice 𝐿 is called
transfer-stable, if

𝐴(𝑥1,… , 𝑥𝑖,… , 𝑥𝑗 ,… , 𝑥𝑘) = 𝐴(𝑥1,… , 𝑦𝑖,… , 𝑦𝑗 ,… , 𝑥𝑘)

for any 𝑖, 𝑗 ∈ {1,… , 𝑘} and 𝑥𝑖, 𝑦𝑗 ∈ 𝐿 where 𝑥𝑖 ≺ 𝑦𝑖 and 𝑦𝑗 ≺ 𝑥𝑗 .
The class of all transfer-stable aggregation functions on the finite

lattice 𝐿 is denoted by the symbol 𝖳𝖲𝖠𝗀𝗀𝐿 and the symbol 𝖳𝖲𝖠𝗀𝗀(𝑘)𝐿
denotes all 𝑘-ary transfer-stable aggregation functions on the lattice 𝐿.

In other words, if we reduce one element of the input values
𝑥1,… , 𝑥𝑘 down and another element up, then the result of the function
does not change. For example, for the arithmetic mean 𝐴𝑀 we have:
𝐴𝑀 (5, 7) = 𝐴𝑀 (4, 8) = 𝐴𝑀 (3, 9) = 6.

Definition 2.3. Let 𝐿 be a finite lattice. Then distance between ele-
ments 𝑎, 𝑏 ∈ 𝐿, 𝑎 ≤ 𝑏 is the number of edges (line segments) in Hasse
diagram between 𝑎 and 𝑏 in the lattice 𝐿.

The symbol 𝑎𝑏 denotes the set of all distances between the ele-
ments 𝑎 and 𝑏. Denote 𝑑𝐿(𝑎, 𝑏) ..= min𝑎𝑏 the least distance between 𝑎
and 𝑏 and 𝐷𝐿(𝑎, 𝑏) ..= max𝑎𝑏 the greatest distance between 𝑎 and 𝑏.

Moreover, the path from 𝑎 to 𝑏 in the lattice 𝐿 is the sequence of
elements 𝑥1,… , 𝑥𝑛 ∈ 𝐿 such that

𝑎 = 𝑥1 ≺ 𝑥2 ≺ … ≺ 𝑥𝑛−1 ≺ 𝑥𝑛 = 𝑏.

Whenever 𝑃 =
{

𝑎 = 𝑥1, 𝑥2,… , 𝑥𝑛−1, 𝑥𝑛 = 𝑏
}

is a path from 𝑎 to 𝑏 then
the symbol |𝑃 | denotes the number of elements in the path 𝑃 , that
means |𝑃 | = 𝑛 and the symbol ‖𝑃‖ denotes the path length (the
number of edges in the path 𝑃 ) from 𝑎 to 𝑏 in the lattice 𝐿, that means
‖𝑃‖ = |𝑃 |−1. The most important paths in the lattice 𝐿 are paths from
0 to 1 and all these paths are denoted by the symbol Path𝐿.

Based on the definition of distance in the lattice, the class of all
lattices was divided into two disjoint subclasses with respect to the
unambiguous distance in the lattice. Thus we get the definition of the
so-called distance-stable lattice.

Definition 2.4. The finite lattice 𝐿 is called distance-stable if the
distance between each two elements is unambiguously defined, i.e.,
𝑑 (𝑎, 𝑏) = 𝐷 (𝑎, 𝑏) for all 𝑎, 𝑏 ∈ 𝐿, 𝑎 ≤ 𝑏.
𝐿 𝐿

http://alza.cz/
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Obviously, if the lattice 𝐿 is distance-stable, then 𝑑𝐿(0, 1) = 𝐷𝐿(0, 1).
This value is called depth of the lattice. Moreover, we can omit the index
𝐿 if it is known which lattice it is.

The main characteristics of transfer-stable aggregation functions are
the so-called (transfer-stable) blocks, which are individual layers of the
transfer-stable aggregation function and these layers have the same
final value for different input values.

Definition 2.5. The subset of 𝑘-tuples of 𝐿𝑘, which are linked together
by transfer-stability, is called a (transfer-stable) block, that is, two
elements 𝐱, 𝐲 ∈ 𝐿𝑘 belong to the same block if 𝑇𝑆(𝐱) = 𝑇𝑆(𝐲) for all
𝑇𝑆 ∈ 𝖳𝖲𝖠𝗀𝗀(𝑘)𝐿 .

In other words, the elements 𝐱, 𝐲 ∈ 𝐿𝑘 belong to the same block
if their distances from the smallest element 𝟎 of the lattice 𝐿𝑘 are the
same, i.e., 𝑑𝐿𝑘 (𝟎, 𝐱) = 𝑑𝐿𝑘 (𝟎, 𝐲), denote by 𝐱 ∈

[

𝐲
]

. We indicate the
block in to square brackets }} [ ∙ ] ε because it is an equivalence class.
For this reason, we will call the blocks a class (later, qualitative class). It
should be noted that each class is determined by its arbitrary element,
i.e., the class [𝐱] represented by element 𝐱 is the same as the class

[

𝐲
]

represented by element 𝐲, because 𝐱 ∈
[

𝐲
]

.
Next, if we apply the 𝑘-ary aggregation function to the distance-

stable lattice 𝐿, then we can determine the number of all (blocks)
classes very easily (that is, the number of all blocks in the lattice 𝐿𝑘).

Proposition 2.6. Let 𝐿 be a distance-stable lattice. Then the number of
all blocks in the distance-stable lattice 𝐿𝑘 is equal to 𝑘 ⋅ 𝑑𝐿(0, 1) + 1.

In the paper [26] it was shown that blocks can be ordered in two
ways: linear or zig-zag (the blocks alternate with each other). The first
type is more important and thus the so-called transfer-stable lattices
were created.

Definition 2.7. The finite lattice 𝐿 is called transfer-stable, if (transfer-
stable) blocks in the lattice 𝐿2 (and therefore every other power) are
linearly ordered.

It is important to identify transfer-stable and transfer-unstable lat-
tices. The following statement characterizes transfer-stable lattices.

Theorem 2.8. The finite lattice 𝐿 is a transfer-stable if and only if it is
a distance-stable or there are paths 𝑃1, 𝑃2, 𝑃3 ∈ Path𝐿 such that

gcd
(

‖

‖

𝑃1
‖

‖

− ‖

‖

𝑃2
‖

‖

, ‖
‖

𝑃1
‖

‖

− ‖

‖

𝑃3
‖

‖

, ‖
‖

𝑃2
‖

‖

− ‖

‖

𝑃3
‖

‖

)

= 1,

where the symbol gcd means the greatest common divisor of elements.

We need to mention one important fact about Theorem 2.8. This is
a note on the assumption, because we have to take into account that
the assumption 𝑃1 ≠ 𝑃2 ≠ 𝑃3 is not used. That means, for example,
lattices contain no more than two paths from 0 to 1, then two paths
can be taken the same.

According to Theorem 2.8, the so-called horizontal sums [44–46]
are typical lattices, where it is easy to identify whether they are a
transfer-stable lattices or not.

Definition 2.9. Let 𝑛 ∈ N a 𝐿1,… , 𝐿𝑛 be a boundary chains with 0
and 1. Then lattice 𝐿 is called horizontal sum of lattices 𝐿1,… , 𝐿𝑛, if

(i) 𝐿 =
𝑛
⋃

𝑖=1
𝐿𝑖,

(ii) 𝐿𝑖 ∩ 𝐿𝑗 = {0, 1} for all 𝑖, 𝑗 ∈ 𝐼 , 𝑖 ≠ 𝑗,
(iii) 𝑎∨ 𝑏 = 1 and 𝑎∧ 𝑏 = 0 for all 𝑎 ∈ 𝐿𝑖 ⧵ {0, 1}, 𝑏 ∈ 𝐿𝑗 ⧵ {0, 1}, where

𝑖, 𝑗 ∈ 𝐼 , 𝑖 ≠ 𝑗.

In other words, the lattice 𝐿 is a horizontal sum if and only if for
every two incomparable elements 𝑎, 𝑏 ∈ 𝐿 holds that their join is 1 and

eet is 0, i.e., 𝑎 ∨ 𝑏 = 1 and 𝑎 ∧ 𝑏 = 0.
 w

3

The last term to be recalled is the so-called first unstable element
relative to 0 and 1, which plays an important role in determining
all classes of transfer-stable aggregation function in a transfer-stable
lattice.

Definition 2.10. The element 𝛼 is called the first unstable element
relative to 0, if the set 0𝛼 is not the single-element set and the set 0𝛾 is
he single-element set for all 𝛾 ∈ 𝐿 such that 𝑑(0, 𝛾) < 𝑑(0, 𝛼). Similarly,
he element 𝛽 is called the first unstable element relative to 1 if the set
𝛽1 is not the single-element set and the set 𝛾1 is the single-element
et for all 𝛾 ∈ 𝐿 such that 𝑑(𝛾, 1) < 𝑑(𝛽, 1).

Based on the first unstable element relative to 0 and 1, we can
ronounce a theorem on the number of all blocks for transfer-stable
istance-unstable lattices. In essence, the number of classes in the direct
roduct of these lattices does not change with the increasing power of
he direct product.

roposition 2.11. The number of all blocks of transfer-stable distance-
nstable lattice 𝐿 is the same for all 𝑘-ary transfer-stable aggregation
unctions of the lattice 𝐿, that means 𝑑(0, 𝛼) + 𝑑(1, 𝛽) + 1.

A more detailed description of all the mentioned properties can be
ound in the papers [25,26].

. Introductory example

Let us start with a very simple example. A similar example can
e found at the end of the paper [26]. To better understanding all
he terms introduced, we recommend reading the last example in the
aper [26].

xample 3.1. Let us imagine, we are a team leader in a company and
ur task is to buy new mobile phones for our team members. The team
as six employees 𝑍1,… , 𝑍6, so we have to buy six mobile phones.
herefore, we use the 6-ary transfer-stable aggregation function. In
ontrast to the example from the paper [26], this time we will use
wo distance-stable lattices 𝐿1 and 𝐿2, where the first lattice represents
he experience of workers and the second one represents the quality of
obile phones.

The lattice 𝐿1 (see Fig. 1) is created by a direct product of two
hree-element linguistic chains, where the first one has elements

New, Short-term, Long-term}

team worker (abbreviated as N, S, L) and the second one contains the
experience of the workers (abbreviated as T, H, E), i.e.,

{Tolerable,Hardworking,Expert} .

In this case (𝑘 = 6), we get 25 classes2 representing the strength
of the team. That is, the team containing six new employees, who
have not shown anything for the team yet, will have a strength equal
to 𝟎. On the other hand, a team of long-time experts has a strength
equal to 𝟐𝟒. Our team consists two new employees, where one of
them is tolerable and the other one is hardworking, three short-term
employees (tolerable, hardworking, expert) and one long-term expert,
i.e., ⟨𝑁𝑇 ,𝑁𝐻,𝑆𝑇 , 𝑆𝐻,𝑆𝐸,𝐿𝐸⟩, and the team strength is equal to 𝟏𝟏,
because3

⟨

𝑁𝑇 ,𝑁𝐻,𝑆𝑇 , 𝑆𝐻,𝑆𝐸,𝐿𝐸
⟩

∈
[⟨

𝑆𝑇 ,𝐿𝑇 ,𝐿𝑇 , 𝐿𝑇 , 𝐿𝑇
⟩]

.

4 Since the average class is 𝟏𝟐 ( 0+242 = 12), we could say that our team
is quite average.

2 6 ⋅ 𝑑𝐿1
(0, 1) + 1 = 6 ⋅ 4 + 1 = 25

3 𝑑 (𝑁𝑇 ,𝑁𝑇 ) = 0, 𝑑 (𝑁𝑇 ,𝑁𝐻) = 1, 𝑑 (𝑁𝑇 ,𝑆𝑇 ) = 1, 𝑑 (𝑁𝑇 ,𝑆𝐻) = 2,
(𝑁𝑇 ,𝑆𝐸) = 3, 𝑑 (𝑁𝑇 ,𝐿𝐸) = 4, then 0 + 1 + 1 + 2 + 3 + 4 = 11.
4 Qualitative class 𝟏𝟏 is represented by the 5-tuple ⟨𝑆𝑇 ,𝐿𝑇 ,𝐿𝑇 , 𝐿𝑇 , 𝐿𝑇 ⟩,
here 𝑆𝑇 is Short-term Tolerable and 𝐿𝑇 is Long-term Tolerable.
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Fig. 1. Distance-stable lattice 𝐿1 representing the employee’s experience and time spent in the team.
Fig. 2. Distance-stable lattice 𝐿2 representing the display size and performance of the
mobile phone.

Now, the lattice 𝐿2 (see Fig. 2) is also the direct product of two
three-element linguistic chains representing the display size of the
mobile phone and the mobile performance, respectively, i.e.,

{Small,Medium, Large}

isplay size (abbreviated as S, M, L) and

Low,Average,High}

erformance of the mobile phone (abbreviated as L, A, H).
Again, we get 25 classes for six employees. Unfortunately, the

ighest class is not the best here, because the display size of the mobile
hone cannot be compared from the best to the worst. On the other
and, the performance of the mobile phone can be ordered from the
orst to the best. That means, classes5

[⟨

𝑆𝐻,𝑆𝐻,𝑆𝐻,𝑆𝐻,𝑆𝐻,𝑆𝐻
⟩]

… 𝟏𝟐
⟨

𝑀𝐻,𝑀𝐻,𝑀𝐻,𝑀𝐻,𝑀𝐻,𝑀𝐻
⟩]

… 𝟏𝟖
[⟨

𝐿𝐻,𝐿𝐻,𝐿𝐻,𝐿𝐻,𝐿𝐻,𝐿𝐻
⟩]

… 𝟐𝟒

ould be considered the best in some respects.

5 Each class contains High-performance mobile phones with different
isplay sizes.
4

In order to achieve the correct result in this situation, it is neces-
sary to include another variable in the calculations—priorities. Each
employee has different priorities about display screen size. Suppose an
employee 𝑍2 likes a small display, employees 𝑍1, 𝑍3 and 𝑍5 want a
medium display, and employees 𝑍4 and 𝑍6 require a large display of
the mobile phone. Based on these requirements, we can declare which
class is the worst and which is the best in this case. If we hear the
wishes of our employees, either we can get a class for low performance
mobile phones
[⟨

𝑆𝐿,𝑀𝐿,𝑀𝐿,𝑀𝐿,𝐿𝐿,𝐿𝐿
⟩]

… 𝟕,

or we can get a class for high performance mobile phones
[⟨

𝑆𝐻,𝑀𝐻,𝑀𝐻,𝑀𝐻,𝐿𝐻,𝐿𝐻
⟩]

… 𝟏𝟗.

If we combine this fact with the fact that our team is almost average,
we can find the average class from the above mentioned (between
classes 𝟕 and 𝟏𝟗). The result is the class 𝟏𝟑, and so for our team we
choose the class 𝟏𝟐 as a golden mean, which is characterized by 6-tuple
⟨

𝐿𝐿,𝐿𝐿,𝐿𝐿,𝐿𝐿,𝐿𝐿,𝐿𝐿
⟩

.

Based on transfer-stability, we have the following 6-tuples in the class
𝟏𝟐:
⟨

𝑆𝐿,𝑀𝐿,𝑀𝐿,𝑀𝐴,𝐿𝐻,𝐿𝐻
⟩

;
⟨

𝑆𝐴,𝑀𝐿,𝑀𝐿,𝑀𝐿,𝐿𝐻,𝐿𝐻
⟩

⟨

𝑆𝐿,𝑀𝐴,𝑀𝐴,𝑀𝐴,𝐿𝐴,𝐿𝐴
⟩

;
⟨

𝑆𝐴,𝑀𝐿,𝑀𝐴,𝑀𝐴,𝐿𝐴,𝐿𝐴
⟩

⟨

𝑆𝐻,𝑀𝐿,𝑀𝐿,𝑀𝐴,𝐿𝐴,𝐿𝐴
⟩

;
⟨

𝑆𝐿,𝑀𝐴,𝑀𝐻,𝑀𝐻,𝐿𝐿,𝐿𝐿
⟩

⟨

𝑆𝐴,𝑀𝐴,𝑀𝐴,𝑀𝐻,𝐿𝐿,𝐿𝐿
⟩

;
⟨

𝑆𝐻,𝑀𝐴,𝑀𝐴,𝑀𝐴,𝐿𝐿,𝐿𝐿
⟩

⟨

𝑆𝐿,𝑀𝐴,𝑀𝐴,𝑀𝐴,𝐿𝐿,𝐿𝐻
⟩

;
⟨

𝑆𝐴,𝑀𝐴,𝑀𝐴,𝑀𝐴,𝐿𝐿,𝐿𝐴
⟩

⟨

𝑆𝐿,𝑀𝐿,𝑀𝐿,𝑀𝐻,𝐿𝐴,𝐿𝐻
⟩

;
⟨

𝑆𝐻,𝑀𝐿,𝑀𝐴,𝑀𝐴,𝐿𝐿,𝐿𝐴
⟩

⟨

𝑆𝐿,𝑀𝐿,𝑀𝐴,𝑀𝐻,𝐿𝐿,𝐿𝐻
⟩

;
⟨

𝑆𝐴,𝑀𝐿,𝑀𝐴,𝑀𝐻,𝐿𝐿,𝐿𝐴
⟩

⟨

𝑆𝐻,𝑀𝐿,𝑀𝐴,𝑀𝐻,𝐿𝐿,𝐿𝐿
⟩

;
⟨

𝑆𝐿,𝑀𝐿,𝑀𝐴,𝑀𝐻,𝐿𝐿,𝐿𝐻
⟩

⟨

𝑆𝐻,𝑀𝐻,𝑀𝐿,𝑀𝐿,𝐿𝐿,𝐿𝐴
⟩

;
⟨

𝑆𝐿,𝑀𝐿,𝑀𝐴,𝑀𝐴,𝐿𝐴,𝐿𝐻
⟩

It is only our decision what combination we will use for our team
members. We can take advantage of the above-mentioned fact that em-
ployees 𝑍1 and 𝑍2 are new, but 𝑍1 is tolerable and 𝑍2 is hardworking.
Employees 𝑍3, 𝑍4 and 𝑍5 are in the team for a short time, but he or she
is a tolerant, hardworking and expert employee, respectively. The last
employee is an employee 𝑍6, who is a long-term expert in the team. In
addition, we define the map
(

𝑥 , 𝑥 , 𝑥 , 𝑥 , 𝑥 , 𝑥
)

↦
(

𝑍 ,𝑍 ,𝑍 ,𝑍 ,𝑍 ,𝑍
)

1 2 3 4 5 6 2 1 3 5 4 6
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for all 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6 ∈ 𝐿2. That means, for instance, 6-tuple
⟨

𝑆𝐻,𝑀𝐴,𝑀𝐴,𝑀𝐴,𝐿𝐿,𝐿𝐿
⟩

can be described as follows: the employee 𝑍2 receives a small-display,
high-performance mobile phone, employees 𝑍1, 𝑍3 and 𝑍5 receive a
mobile phones with a medium display and average performance and
employees 𝑍4 and 𝑍6 get a low-performance mobile phone with a large
display.

On the other hand, for example, the 6-tuple of mobile phones
⟨

𝑆𝐻,𝑀𝐻,𝑀𝐿,𝑀𝐿,𝐿𝐿,𝐿𝐴
⟩

can be a situation, when we give power-
ful mobile phones to new employees to keep them in the team, short-
term employees receive low-performing mobile phones and we have to
give an mobile phone with average performance to a long-term expert
based on the performance of the first two mobile phones. Conversely,
according to the second 6-tuple from the last line of the list for class 𝟏𝟐,
i.e.,

⟨

𝑆𝐿,𝑀𝐿,𝑀𝐴,𝑀𝐴,𝐿𝐴,𝐿𝐻
⟩

, we buy a high-performance mobile
hone for a long-term expert, average-performance mobile phone is
nough for short-term employees and new employees have to show
heir potential, and therefore they receive low-performance mobile
hones only.

However, our final decision will be the 6-tuple from the sixth line
of the list above, i.e.,
⟨

𝑆𝐿,𝑀𝐿,𝑀𝐿,𝑀𝐻,𝐿𝐴,𝐿𝐻
⟩

,

ecause we will buy two high-performance mobile phones to our ex-
erts. For the short-term hardworking employee, an average-
erformance mobile phone is enough for now and as for the others,
ither they are brand new employees or those who have not yet shown
heir full potential and therefore they will receive low-performance
obile phones.

It should be noted that we could also select the appropriate qual-
tative class (golden mean) on a budget basis. Considering that the
rice of a low-performance mobile phone is around 5 000 CZK, average-
erformance is around 15 000 CZK and the price of a high-performance
obile phone is around 25 000 CZK, then we can declare on the basis

f these data that class 𝟕
⟨

𝑆𝐿,𝑀𝐿,𝑀𝐿,𝑀𝐿,𝐿𝐿,𝐿𝐿
⟩]

,

as a budget of around 30 000 CZK and the class 𝟏𝟗
⟨

𝑆𝐻,𝑀𝐻,𝑀𝐻,𝑀𝐻,𝐿𝐻,𝐿𝐻
⟩]

,

as a budget of around 150 000 CZK. However, budget allocation would
ot be possible without assuming the display size, because, for instance,
he 6-tuple

[

⟨𝐿𝐿,𝐿𝐴,𝐿𝐴,𝐿𝐴,𝐿𝐻,𝐿𝐻⟩

]

belonging to the class 𝟏𝟗 has a
budget of about 100 000 CZK, not the required 150 000 CZK. Fortunately,
assuming the size of the display of the mobile phone, we conclude that
all corresponding 6-tuples (from the same qualitative class) have the
same budget, as we can see in the list for the class 𝟏𝟐, where the budget
of each 6-tuple is 80 000 CZK. Therefore, we know for sure that any
6-tuple we choose from the class 𝟏𝟐 we will always pay around
80 000 CZK for mobile phones.

4. Sold out products as unavailable combinations

Returning to the example from the introduction and example from
paper [26], we can notice the unspoken assumption that there must
exist all combinations of the products shown in the lattice of all
products. Nevertheless, in general, it may happen that there is no
product belonging to some combination of price and quality. In this
case, we would have to exclude this element (combination) from our
considerations and also remove the corresponding element from the
lattice of all products. The problem would arise if we had to remove
more such elements but all new products would no longer form a
lattice. Under these circumstances, we would not be able to apply the
theory of transfer-stable functions. Fortunately, there is a way to resolve
this problem.
 p

5

Table 1
Laptop parameters in the Example 4.1.

Price Weight Graphics card RAM Memory

up to 10 000 CZK up to 1 kg Game playing 64 GB
10 000–20 000 CZK 1–2 kg Dedicated 32 GB
20 000–30 000 CZK 2–3 kg Integrated 24 GB
over 30 000 CZK over 3 kg 16 GB

12 GB
8 GB
4 GB

Fig. 3. Linguistic chains representing the price of the laptop, the weight of the laptop,
the type of graphics card and the size of operational RAM.

We understand discarded combinations as sold-out goods. In other
words, it is a combination of products that cannot be bought or a
combination of parameters of a non-existing product. Still, we count
on them, but if such a combination (product) appears in the option we
have chosen, then we must ignore this option, as it is not complete
(exist). Then we need to choose undiscarded combination (option) in
the same qualitative class. If there is no such option, we must choose
a new golden mean (qualitative class).

Example 4.1. The goal of this example is to buy three laptops
depending on the parameters from Table 1.

As in the example from the introduction, each column of Table 1
represents one linguistic lattice (chain), i.e., the lattice representing the
price of the laptop, the weight of the laptop, the type of the graphics
card of the laptop and the size of operational RAM of the laptop,
respectively (see Fig. 3).

Now we create a direct product of these four linguistic chains and
obtain the lattice 𝐿3, which has 4 ⋅ 4 ⋅ 3 ⋅ 7 = 336 elements. Since it
was created as a direct product of distance-stable lattices, it is also a
distance-stable lattice with depth 𝑑(0, 1) = 3 + 3 + 2 + 6 = 14.6 Thus,
the purchase of 3 laptops indicates the use of the 3-ary transfer-stable
aggregation function and we get 3 ⋅ 𝑑(0, 1) + 1 = 3 ⋅ 14 + 1 = 43 blocks
(qualitative classes) in the lattice

(

𝐿3
)3. For example, three products of

type7

⟨

over 30 000 CZK, over 3 kg, Integrated, 4 GB
⟩

6 The depth of the direct product of the distance-stable lattices is equal to
he sum of the depths of the distance-stable lattices.

7 Note that in the introductory example, one combination corresponded
o the final selection (purchase) because each product was easy to write
own. This time, however, one product is determined by parameters, i.e. one
ombination of parameters (also written in angle brackets) corresponds to one

roduct (not three, as requested). If we write these three combinations side
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Table 2
The list of possible products in Example 4.1.

♯ Price Weight Graphics card RAM Memory

𝑃1 3 over 30 000 CZK over 3 kg Game playing 8 GB
𝑃2 3 10 000–20 000 CZK 2–3 kg Integrated 4 GB
𝑃3 4 20 000–30 000 CZK 2–3 kg Dedicated 8 GB
𝑃4 4 10 000–20 000 CZK 1–2 kg Integrated 4 GB
𝑃5 5 over 30 000 CZK 2–3 kg Dedicated 16 GB
𝑃6 5 up to 10 000 CZK 1–2 kg Integrated 4 GB
𝑃7 6 up to 10 000 CZK up to 1 kg Integrated 4 GB
𝑃8 6 10 000 − 20 000 CZK 1–2 kg Dedicated 8 GB
𝑃9 7 over 30 000 CZK 1–2 kg Game playing 16 GB
𝑃10 7 20 000–30 000 CZK up to 1 kg Integrated 16 GB
𝑃11 8 20 000–30 000 CZK 1–2 kg Game playing 16 GB
𝑃12 8 over 30 000 CZK up to 1 kg Integrated 32 GB
𝑃13 9 over 30 000 CZK 2–3 kg Game playing 64 GB
𝑃14 9 10 000–20 000 CZK 1–2 kg Game playing 16 GB
t

5

p
t

belong to the qualitative class 𝟎, while three products of type
⟨

up to 10 000 CZK,up to 1 kg,Game playing, 64 GB
⟩

correspond to the qualitative class 𝟒𝟐.
It should now be noted that none of these products can be purchased

in this configuration. Therefore, we consider them sold out and the
qualitative classes 𝟎 and 𝟒𝟐 cannot be selected.

As a golden mean, it is possible to choose the qualitative class
𝟗 and thus all three products must have a total distance from the
mallest element in the lattice 𝐿3 equal to 𝟐𝟗 based on the theory of

distance-stable lattices.
To illustrate, the product

⟨10 000 – 20 000 CZK, 1 – 2 kg,Dedicated, 24 GB ⟩

has a distance of 9 from the smallest element in the lattice 𝐿3, because

∙ 𝑑
(

over 30 000 CZK, 10 000 – 20 000 CZK
)

= 2
∙ 𝑑

(

over 3 kg, 1 – 2 kg
)

= 2
∙ 𝑑

(

Integrated,Dedicated
)

= 1
∙ 𝑑

(

4 GB, 24 GB
)

= 4,

whence in the sum we have the value 2+2+1+4 = 9. In a similar way
we find that the distances of the products
⟨

10 000 – 20 000 CZK, 1 – 2 kg,Game playing, 24 GB
⟩

,
⟨

10 000 – 20 000 CZK, 1 – 2 kg,Dedicated, 32 GB
⟩

re equal to 10. In total, these three products have a distance of
+ 10 + 10 = 29 from the smallest element in the lattice

(

𝐿3
)3.8 As

consequence, these three products belong to the qualitative class 𝟐𝟗.
nfortunately, it is not possible to buy these products even now.

Trying other options in the qualitative class 𝟐𝟗, we would conclude
hat none of the options are available. In other words, no three products
elonging to the qualitative class 𝟐𝟗 can be selected.

Further examination of this example and possible purchases, we
onclude that the original parameters of laptops (see Table 1) are not
ell chosen. The highest available class9 is the qualitative class 𝟐𝟕,
ecause there is no available product with a distance of 10,10 but the

by side, then we get the same as in the introductory example. Instead, we
just say (to make the notation not too complicated) that we have three such
combinations.

8 Note that one product belongs to lattice 𝐿3, but three products belong to
lattice

(

𝐿3
)3. This means that the distance of one product is measured in the

lattice 𝐿3, but the total distance (of all three products) is considered in the
lattice

(

𝐿3
)3.

9 This is a class where there is at least one combination of parameters (prod-
uct) that can be purchased. A product with this combination of parameters
exists.

10 If such a product existed, then a trio of such products would belong to
class 𝟑𝟎, which would mean that this class would be available.
6

product
⟨

over 30 000 CZK, 2 – 3 kg,Game playing, 64 GB
⟩

with the distance of 0+1+2+6 = 9 can be bought. Similarly, we would
find that the lowest available class is 𝟗, because there is no available
product with a distance of 0,1 or 2, but the product
⟨

10 000 – 20 000 CZK, 2 – 3 kg, Integrated, 4 GB
⟩

with the distance of 2 + 1 + 0 + 0 = 3 can be bought. To clarify, each
triplet of products belonging to the class less than 𝟗 and more than 𝟐𝟕
contains at least one sold out (unavailable) product.

Based on the new facts, we need to change the golden mean. The
recommended new qualitative class is 𝟏𝟓. We will now create a list of
several products ordered by distance from the smallest element (♯) in
the lattice 𝐿3.

Using transfer-stability, we can declare that the following potential
purchases of three products from Table 2 are equivalent, i.e., they
belong to the same qualitative class:11

⟨𝑃14, 𝑃1, 𝑃2⟩; ⟨𝑃13, 𝑃1, 𝑃1⟩; ⟨𝑃12, 𝑃4, 𝑃1⟩; ⟨𝑃11, 𝑃3, 𝑃2⟩; ⟨𝑃10, 𝑃6, 𝑃2⟩;

⟨𝑃9, 𝑃4, 𝑃3⟩; ⟨𝑃8, 𝑃7, 𝑃1⟩; ⟨𝑃7, 𝑃6, 𝑃4⟩; ⟨𝑃6, 𝑃5, 𝑃5⟩; ⟨𝑃5, 𝑃5, 𝑃5⟩.

In this case, it is the class 𝟏𝟓, because the sum of the distances of
he individual products from the smallest element in the lattice 𝐿3 is

equal to 15.
The last and most important task in this example is choosing our

purchase. The choice from the above mentioned options depends on
the given preferences. In particular, we can select the final purchase
according to:

∙ price: ⟨𝑃7, 𝑃6, 𝑃4⟩

– the price should not exceed 40 000 CZK,

∙ weight: ⟨𝑃7, 𝑃6, 𝑃4⟩

– the weight should not exceed 5 kg,

∙ type of graphics card: ⟨𝑃13, 𝑃1, 𝑃1⟩

– three game playing graphics cards,

∙ size of operational RAM: ⟨𝑃13, 𝑃1, 𝑃1⟩

– the total size of the operational RAM is 80 GB.

. Incomparable parameters

In the example 3.1 we could notice a minor problem with certain
arameters. Specifically, it is about incomparability of parameters. For
he display size parameter, we cannot say which size is better or worse.

11 This notation is the same as in the introductory example.
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Fig. 4. Linguistic 𝑛-dimensional (𝑛 = 2, 7, 3, 3) diamonds representing, the operating system of the laptop, the brand of the laptop, the display type and size of laptop screen,
respectively.
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Table 3
Laptop parameters in the Example 5.1.
Operating system Brand Display type Display size

Microsoft Windows Lenovo Glossy up to 13’’
MacOS ASUS Matte 13’’–15’’

MSI Anti-Glare over 15’’
HP
Acer
Dell
Apple

Nevertheless, we ordered the sizes of display and created a linguistic
chain. Now, we look first at the examples that have at least one
incomparable parameter in the task and show the solution for these
parameters. Based on the presented procedure in these examples, we
will return to the example 3.1 and solve it from a different point of
view.

Example 5.1. As in the example 4.1, the goal is to buy three laptops,
but this time according to different parameters. The new parameters
are presented in Table 3.

Using the same principle as in the previous example, we obtain four
linguistic chains representing the operating system of the laptop, the
brand of the laptop, the display type and size of the laptop, respectively.
By their direct product we get a distance-stable lattice 𝐿4 with 126
elements and a depth of 11. With the purchase of three products,
⋅ 11 + 1 = 34 classes are created.

Subsequently, we could declare that three products of type

MacOS,Apple,Anti-Glare, over 15’’
⟩

belong to the class 𝟎 and three products of type

Microsoft Windows, Lenovo,Glossy,up to 13’’
⟩

elong to the class 𝟑𝟑. However, it is not true that the first purchase is
he worst and the second is the best, so this approach is incorrect and
e have to move to a different form of linguistic lattices. We use the

o-called 𝑛-dimensional diamonds12 instead of chains. The elements 0
and 1 represent unavailable parameters, that means, any product will
automatically be considered sold out if it contains these (unavailable)
parameters.

12 The lattice with the smallest and the largest element and all its other
lements (except the smallest and largest one) are incomparable.
7

Again, we get four distance-stable lattices (see Fig. 4), so the result-
ing lattice 𝐿5 will also be distance-stable lattice. The direct product 𝐿5
has 4 ⋅ 9 ⋅ 5 ⋅ 5 = 900 elements with depth of 2 + 2 + 2 + 2 = 8, so we get
⋅ 8 + 1 = 25 classes.

However, the only reasonable qualitative class is 𝟏𝟐 because we
an only select the three available products in this class and make our
lanned purchase. For example, either three products with parameters

MS Windows, Lenovo,Glossy,up to 13’’
⟩

r another three products with parameters

MacOS,Apple,Anti-Glare, over 15’’
⟩

belong to the class 𝟏𝟐, because the distance of any applicable parameter
from the smallest element in any 𝑛-dimensional diamond is 1, i.e., 4+4+
= 12. In any higher or lower class then 𝟏𝟐, there is always a product

hat contains the parameter 0 or 1, so it is not possible to buy it. Such
s products

0,MSI, 1,13’’ – 15’’
⟩

;
⟨

MS Windows, 1,Glossy, 0
⟩

;
⟨

MacOS, 0, 1, 1
⟩

elong to the class 𝟏𝟑. Note that a product with an unavailable param-
ter may also exist in the class 𝟏𝟐. As proof, products

0,MSI, 1,13’’ – 15’’
⟩

;
⟨

MS Windows, 1,Glossy, 0
⟩

;
⟨

0, 0, 1, 1
⟩

elong to the class 𝟏𝟐, but none of the products can be bought. We see
hat the only possible class is the class 𝟏𝟐, so there is no consultation on
he golden mean, because there is exactly one golden mean in this case.

If we compare this conclusion with the first half of this example
where we considered four linguistic chains), this time we have a
eal scenario, because all laptops with parameters from the Table 3
re equivalent (in the same qualitative class) and we cannot say
hich is better or worse. Therefore, the final purchase depends on our

equirements and the availability of the required products. To illustrate,
t is not possible to buy the products

MS Windows,MSI,Anti-Glare,up to 13’’
⟩

⟨

MacOS,HP,Glossy,13’’ – 15’’
⟩

⟨

MacOS,Apple,Matte, over 15’’
⟩

ecause all three products are sold out (a laptop in this combination
annot be bought). It is also not possible to purchase products

⟨

0, 1, 0, 1
⟩

MS Windows,Acer,Glossy,13’’ – 15’’
⟩

⟨

MacOS, 0, 1,up to 13’’
⟩

,
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because some of the chosen products have unavailable parameters. On
the other hand, the products
⟨

MS Windows,ASUS,Matte,up to 13’’
⟩

MS Windows,Dell,Anti-Glare,13’’ – 15’’
⟩

⟨

MacOS,Apple,Glossy, over 15’’
⟩

an be purchased without any problems.

In this example, all parameters were incomparable, resulting in the
xistence of the only one (available) qualitative class. In the following
xample we will show the connection of a comparable and incompa-
able parameter, i.e., the direct product of the linguistic chain and the
-dimensional diamond.

xample 5.2. Let us consider the parameter ‘‘Price’’ from the Table 1
linguistic four-element chain) and the parameter ‘‘Display size’’ from
he Table 3 (linguistic three-dimensional diamond). By creating a direct
roduct of these lattices, we obtain a distance-stable lattice 𝐿6 with
⋅5 = 20 elements and a depth of 5. We still want to buy three laptops,
o the number of classes is 3 ⋅ 5 + 1 = 16, where the smallest class 𝟎 is
epresented by the trio of products ⟨over 30 000 CZK, 0⟩ and the highest
lass 𝟏𝟓 is represented by the trio of products ⟨up to 10 000 CZK, 1⟩.

First of all, we need to focus on the available classes, because
s we found in the previous example, there are no three available
roducts in the class 𝟎 or 𝟏𝟓. The smallest available qualitative class
s 𝟑, because it is represented by three existing products of the type
over 30 000 CZK, up to 13’’⟩. On the other hand, the highest available
ualitative class is 𝟏𝟐, because it is represented by three existing
roducts of the type ⟨up to 10 000 CZK, up to 13’’⟩. From this fact we
an already see that the original range of classes (between 𝟎–𝟏𝟓) is not
ppropriate because there are classes that have no available product.
he new range of classes is between 𝟑–𝟏𝟐, for a total of 10 available
lasses.

Let us say, the golden mean could be the class 𝟖, which is deter-
ined by three products

×
⟨

10 000 – 20 000 CZK, up to 13’’
⟩

⟨

20 000 – 30 000 CZK, up to 13’’
⟩

,

ecause

∙ 𝑑
(

over 30 000 CZK, 10 000 – 20 000 CZK
)

= 2
∙ 𝑑

(

over 30 000 CZK, 20 000 – 30 000 CZK
)

= 1
∙ 𝑑

(

0, up to 13’’
)

= 1,

herefore (2+1)+ (2+1)+ (1+1) = 8. Other possible triplets of products
n this class are, for example:

(1)
⟨

10 000 – 20 000 CZK, up to 13’’
⟩

⟨

10 000 – 20 000 CZK,13’’ – 15’’
⟩

⟨

20 000 – 30 000 CZK, over 15’’
⟩

,

(2)
⟨

up to 10 000 CZK, over 15’’
⟩

⟨

10 000 – 20 000 CZK, over 15’’
⟩

⟨

over 30 000 CZK, over 15’’
⟩

,

(3)
⟨

up to 10 000 CZK, over 15’’
⟩

⟨

20 000 – 30 000 CZK,13’’ – 15’’
⟩

⟨

20 000 – 30 000 CZK,13’’ – 15’’
⟩

.
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Table 4
Parameters of laptops in the Example 5.3.
Operating system Brand Weight Graphics card

Microsoft Windows Lenovo up to 2 kg Game playing
MacOS ASUS over 2 kg Dedicated

MSI Integrated
HP
Acer
Dell
Apple

In this case, we do not have to pay attention to the combination of
parameters, because all possible combinations of the price and the
display size are available, that is, all products can be purchased. The
only problem remains the occurrence of an unavailable parameter, such
as products

⟨10 000 – 20 000 CZK, 1⟩ ; ⟨20 000 – 30 000 CZK, 1⟩ ;
⟨20 000 – 30 000 CZK, 0⟩

lso belong to the class 𝟖, but this purchase cannot be made.
In conclusion, we see that our choice in a given class does not

epend on the display size of the laptop, but only on the price of the
aptop, which is exactly what we expect.

Another example will be very similar to the previous one, but to a
reater extent, to see the effectiveness of 𝑛-dimensional diamonds for
ncomparable parameters and involvement into the decision.

xample 5.3. We use the parameters we have already used in the
revious examples. Specifically, it is the operating system of the laptop,
he brand of the laptop, the weight of the laptop and the type of the
raphics card. For clarity, we have created the Table 4.

We know that the ‘‘Operating system’’ and ‘‘Brand’’ are incom-
arable parameters, so they form two-dimensional and 7-dimensional
inguistic diamond, respectively. On the other hand, the ‘‘Weight’’ and
‘Graphics card’’ are comparable parameters, so they form two-element
nd three-element linguistic chain, respectively. As a result (direct
roduct) we get a distance-stable lattice 𝐿7 with 4 + 9 + 2 + 3 = 216
lements and with depth of 2 + 2 + 1 + 2 = 7. If we consider buying
hree products again, we get 3 ⋅ 7 + 1 = 22 qualitative classes and we
btain four important classes:

Class 𝟎:
⟨

0, 0, over 2 kg, Integrated
⟩

⟨

0, 0, over 2 kg, Integrated
⟩

⟨

0, 0, over 2 kg, Integrated
⟩

Class 𝟔:
⟨

MS Windows, Lenovo, over 2 kg, Integrated
⟩

⟨

MS Windows,ASUS, over 2 kg, Integrated
⟩

⟨

MacOS,Apple, over 2 kg, Integrated
⟩

Class 𝟏𝟓:
⟨

MS Windows,HP,do 2 kg,Game playing
⟩

⟨

MS Windows,Dell,do 2 kg,Game playing
⟩

⟨

MacOS,Apple,do 2 kg,Game playing
⟩

Class 𝟐𝟏:
⟨

1, 1,do 2 kg,Game playing
⟩

⟨

1, 1,do 2 kg,Game playing
⟩

⟨

1, 1,do 2 kg,Game playing
⟩
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⟨

An important fact is that the smallest available class is 𝟔 and the
largest available class is 𝟏𝟓. For every qualitative class lower than 𝟔 or
larger than 𝟏𝟓, it is true that any chosen product in this class contains
unavailable parameter and therefore it is a sold out product. By this
step, we have lost 12 qualitative classes. The new range of classes is be-
tween 𝟔 – 𝟏𝟓 to select the golden mean. Of course, even in this range we
can find a product (more precisely, a combination of parameters) that
cannot be purchased, such as ⟨MacOS,Acer, over 2 kg,Game playing⟩.
We consider such products to be sold out and we try to find another
suitable trio of available products in the given qualitative class (these
products can be purchased).

For example, we can choose the golden mean as the class 𝟏𝟏. This
qualitative class includes this three products:
⟨

MS Windows,ASUS,up to 2 kg,Game playing
⟩

⟨

MS Windows,ASUS,up to 2 kg, Integrated
⟩

⟨

MS Windows,ASUS,up to 2 kg, Integrated
⟩

or the following three products
⟨

MacOS,Apple, over 2 kg,Game playing
⟩

⟨

MacOS,Apple, over 2 kg,Game playing
⟩

⟨

MacOS,Apple, over 2 kg,Dedicated
⟩

.

Now let us look at how to approach the situation if we convert
distances to points, that is, a distance of length 𝑛 will correspond to 𝑛
points. We know that every incomparable parameter is worth 1 point,
because the distance of such a parameter from the smallest element
0 in the corresponding lattice is equal to 1. In our case, we have
two incomparable parameters in one product and we purchase three
products. Therefore, it must be true that the three available products
are initially worth 6 points, which exactly corresponds to the smallest
available class. The other points of this trio of products depend only
on comparable parameters. If we consider the class 𝟏𝟏, then we only
have 5 points left, which must be divided between the parameters of
the weight of the laptop and the type of the graphics card. Based on this
idea and depending on the situation, we can decide what comparable
parameters we prefer. More precisely, what is the most important for
us in a given purchase.

Suppose that we want to have all three laptops lightweight (up to
2 kg), it will cost 3 points. The remaining 2 points must be allocated to
the type of the graphics card. The potential result can be:
⟨

MS Windows,ASUS,up to 2 kg,Dedicated
⟩

⟨

MS Windows,Acer,up to 2 kg,Dedicated
⟩

⟨

MacOS,Apple,up to 2 kg, Integrated
⟩

or
⟨

MS Windows,HP,up to 2 kg,Game playing
⟩

⟨

MS Windows,MSI,up to 2 kg, Integrated
⟩

⟨

MacOS,Apple,up to 2 kg, Integrated
⟩

,

where the second mentioned result (three products) contains a sold out
product (the product cannot be bought in this variant of parameters)
and therefore this result cannot be used. On the other hand, if we prefer
the type of the graphics card, we can use all 5 points to this parameter.
We have already seen a similar result, but to illustrate we present two
more:
⟨

MS Windows,Dell, over 2 kg,Game playing
⟩

MS Windows,Acer, over 2 kg,Game playing
⟩

⟨

MS Windows, Lenovo, over 2 kg,Dedicated
⟩

or
⟨

MS Windows,ASUS, over 2 kg,Game playing
⟩

⟨ ⟩
MacOS,Apple, over 2 kg,Game playing
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⟨

MS Windows,MSI, over 2 kg,Dedicated
⟩

,

where again the second mentioned result cannot be used because it
contains a sold out product.

6. Finding the golden mean using a budget or priorities

At the end of Example 3.1, we looked at the budget and tried to
determine the best possible qualitative class (golden mean). However,
as we will show in the following example, including the budget in the
calculation is not as easy as it may seem.

Example 6.1. Consider the same task as in Example 5.1. The goal
is to determine the right qualitative class (golden mean) based on the
preliminary budget. Suppose that the budget is set at 70 000 CZK.

Now it depends on the situation how the prices are allocated. Either
for individual parameters or for the whole product (a combination of
four products). We choose the case number two and determine the
(lowest) prices of the purchased products for all possible combinations.
Therefore, for example, the prices of individual products can be seen
in the Table 5.

Immediately, we can see the problem. It is based on the fact that in
real life it is not true that the best product (according to comparable
parameters) is the most expensive one. That means, how we will show
in a moment, different qualitative classes may have different prices and
it is not always the true, that a higher qualitative class has a higher
price (the total price of three products is higher).

With a budget of 70 000 CZK we can buy following products:

(1) Qualitative class: 𝟏𝟓. Price: 57 000 CZK.

3 ×
⟨

MS Windows,Acer,up to 2 kg,Game playing
⟩

(2) Qualitative class: 𝟏𝟒. Price: 70 000 CZK.
⟨

MS Windows, Lenovo,up to 2 kg,Game playing
⟩

⟨

MS Windows,ASUS,up to 2 kg,Game playing
⟩

⟨

MS Windows,HP,up to 2 kg,Dedicated
⟩

(3) Qualitative class: 𝟏𝟑. Price: 70 000 CZK.
⟨

MS Windows, Lenovo,up to 2 kg,Game playing
⟩

⟨

MS Windows,ASUS,up to 2 kg,Game playing
⟩

⟨

MS Windows,HP,up to 2 kg,Dedicated
⟩

(4) Qualitative class: 𝟏𝟐. Price: 64 000 CZK.
⟨

MS Windows,Dell,up to 2 kg,Game playing
⟩

⟨

MS Windows,Dell,up to 2 kg,Dedicated
⟩

⟨

MS Windows,Dell,up to 2 kg, Integrated
⟩

(5) Qualitative class: 𝟏𝟏. Price: 64 000 CZK.
⟨

MS Windows,HP,up to 2 kg,Dedicated
⟩

⟨

MS Windows,HP, over 2 kg,Dedicated
⟩

⟨

MS Windows,HP, over 2 kg,Game playing
⟩

(6) Qualitative class: 𝟏𝟎. Price: 69 000 CZK.
⟨

MS Windows, Lenovo,up to 2 kg,Dedicated
⟩

⟨

MS Windows,HP, over 2 kg,Dedicated
⟩

⟨

MacOS,Apple,up to 2 kg, Integrated
⟩

(7) Qualitative class: 𝟗. Price: 63 000 CZK.
⟨

MS Windows,MSI, over 2 kg,Game playing
⟩

⟨

MS Windows,Acer, over 2 kg, Integrated
⟩

⟨ ⟩
MacOS,Apple,up to 2 kg, Integrated
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Table 5
The table showing the prices of laptops in all possible combinations in the Example 6.1.

Lenovo

up to 2 kg over 2 kg

Integrated Dedicated Game playing Integrated Dedicated Game playing
7 000 CZK 15 000 CZK 33 000 CZK 16 000 CZK 41 500 CZK 18 000 CZK

ASUS

up to 2 kg over 2 kg

Integrated Dedicated Game playing Integrated Dedicated Game playing
7 000 CZK 38 000 CZK 20 000 CZK 15 500 CZK – 19 500 CZK

MSI

up to 2 kg over 2 kg

Integrated Dedicated Game playing Integrated Dedicated Game playing
30 000 CZK – 23 000 CZK – – 24 000 CZK

HP

up to 2 kg over 2 kg

Integrated Dedicated Game playing Integrated Dedicated Game playing
12 500 CZK 17 000 CZK 43 000 CZK 30 000 CZK 26 000 CZK 21 000 CZK

Acer

up to 2 kg over 2 kg

Integrated Dedicated Game playing Integrated Dedicated Game playing
7 500 CZK 14 500 CZK 19 000 CZK 11 000 CZK 50 000 CZK 19 000 CZK

Dell

up to 2 kg over 2 kg

Integrated Dedicated Game playing Integrated Dedicated Game playing
13 500 CZK 20 000 CZK 30 500 CZK – 70 000 CZK 24 000 CZK

Apple

up to 2 kg over 2 kg

Integrated Dedicated Game playing Integrated Dedicated Game playing
28 000 CZK – – 72 000 CZK – –
t
p
p
e
⟨

(8) Qualitative class: 𝟖. Price: 59 000 CZK.
⟨

MS Windows,ASUS, over 2 kg, Integrated
⟩

⟨

MS Windows,MSI,up to 2 kg, Integrated
⟩

⟨

MS Windows,Dell,up to 2 kg, Integrated
⟩

(9) Qualitative class: 𝟕. Price: 59 500 CZK.
⟨

MS Windows, Lenovo, over 2 kg, Integrated
⟩

⟨

MS Windows,HP, over 2 kg, Integrated
⟩

⟨

MS Windows,Dell,up to 2 kg, Integrated
⟩

(10) Qualitative class: 𝟔. Price: 33 000 CZK.

3 ×
⟨

MS Windows,Acer, over 2 kg, Integrated
⟩

We see that the chosen budget covers all available qualitative
lasses, so it is not possible to determine a qualitative class by budget.
n Example 3.1 we took advantage of the requirements of the employees
ut now that will not help either as prices vary. Furthermore, it is not
rue that the price of products increases with the increasing qualitative
lass. As a result, the low class may not have low prices, such as
roducts

×
⟨

MacOS,Apple, over 2 kg, Integrated
⟩

elonging to the class 𝟔 with a total value of 216 000 CZK. Therefore, we
can say that according to this method, it is not possible to determine
exactly the final qualitative class (golden mean). However, we can use
it to get the highest possible qualitative class with a given budget. With
an original budget of 70 000 CZK we covered all qualitative classes,
o in this case, for example, we could find the cheapest purchase in
he qualitative class 𝟏𝟓. The result would be the option (1) in the list
bove. If we set a new budget, for example, 35 000 CZK, we can try
10
o find three products to meet this budget and belong to the highest
ossible qualitative class. By examining the tables of products with
rices, we find that the highest possible qualitative class is 𝟏𝟏, because
ither products

MS Windows,ASUS,up to 2 kg,Game playing
⟩

⟨

MS Windows,ASUS,up to 2 kg, Integrated
⟩

⟨

MS Windows,Acer,up to 2 kg, Integrated
⟩

cost 34 500 CZK or products
⟨

MS Windows,Acer,up to 2 kg,Game playing
⟩

2 ×
⟨

MS Windows,ASUS,up to 2 kg, Integrated
⟩

cost 33 000 CZK belong to the class 𝟏𝟏. Therefore, the final purchase
should belong to the class 𝟏𝟏 and its total value should not exceed the
price of 35 000 CZK.

At the end of the example, we will show one more method to de-
termine the resulting qualitative class—by our priorities for purchased
products. Let us imagine we want to buy three laptops and we have
some idea of what the parameters of laptops should be. Based on
our idea, we can put together a combination of three products and
find out what class these products belong to. It should be noted here
that we must not cling too much to our preferences, because in that
case, we would only like the purchase we want and no other purchase
would be considered. The aim of this method is to determine the right
qualitative class (golden mean) on the basis of some requirement. After
that, we can find potentially better variant in this class than our idea.
To illustrate, our priorities could be in the form of:
⟨

MS Windows,Dell, over 2 kg,Game playing
⟩

⟨

MS Windows,MSI,up to 2 kg,Dedicated
⟩

⟨

MacOS,Apple,up to 2 kg, Integrated
⟩

.
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Note that our priorities do not have to be examined with regard
to sold-out products, as this is only a potential purchase, not a fi-
nal one. Among the products representing our priorities, the second
product is sold out because it cannot be purchased. For this reason,
this combination of products cannot be final purchase. However, we
can determine the appropriate qualitative class. We simply find that
these three products belong to the qualitative class 𝟏𝟏. At this point,
we already have everything we need to make a list of all the possible
available combinations of the three products belonging to the qualita-
tive class 𝟏𝟏 and choose the combination that most closely matches our
priorities. For the final choose, we will use a situation from a real life,
where the boss has a meeting with three of his employees regarding the
purchase of three laptops. The description of the meeting is as follows:

Employee number 3 is stubborn and wants to have an Apple laptop at
all costs. Since the tables of prices of products have no other possible option,
we must keep the product for this employee. Employee number 3 is leaving
the meeting. Employee number 1 is new and shy, so employee number 2 does
not hesitate and tells us that insists on the brand MSI of the laptop and also
needs a powerful graphics card to work. Again, according to the table, we
see that the only option is to move to a better graphics card, so employee 2
gets a laptop with a game playing graphics card. Employee number 2 leaves
the meeting. Whereas employee number 2 got something better, employee
number 1 must get something worse. He does not care about the weight of
the laptop, but he would like a good graphics card. He can no longer get a
game playing graphics card, but dedicated graphics card can be. However, a
new problem has emerged. The cost of such a laptop would be 70 000 CZK.
Eventually, he changes his mind about the laptop brand and moves from
Dell to Lenovo. The meeting is over.

The final purchase for our three employees is as follows:
⟨

MS Windows, Lenovo, over 2 kg,Dedicated
⟩

⟨

MS Windows,MSI,up to 2 kg,Game playing
⟩

⟨

MacOS,Apple,up to 2 kg, Integrated
⟩

for a total value of 92 500 CZK.

7. Use of other types of lattices

Until now, we only had two types of lattices: a chain and a
𝑛-dimensional diamond. However, we can get any type of lattice
depending on the situation. We will find out later that transfer-stable
lattices do not give as good information as distance-stable lattices.
Therefore, it will be advantageous to work only with distance-stable
lattices. Before approaching the problem with transfer-stable lattices,
we will show a theoretical example of when lattices of other types may
appear.

Example 7.1. The aim of this example is to buy four devices of the
same type, where one device is composed of two separable parts. Each
part has advantages and disadvantages depending on the use or location
of the device. The first part has the advantages 𝐴,𝐵 and the disad-
vantages 𝐶,𝐷 and the second part has the advantages 𝑎, 𝑏, 𝑐 and the
disadvantages 𝑑, 𝑒, 𝑓 . Both parts can be produced in the combinations
indicated in the Table 6.

Both parts (combinations of advantages and disadvantages) can
be represented in the following (distance-stable) lattices (see Fig. 5)
according to the Table 6.

By the direct product of these lattices we obtain the lattice 𝐿8 with
4 ⋅ 5 = 20 elements and depth of 2 + 3 = 5. For the purchase of four
devices we get 4 ⋅ 5 + 1 = 21 qualitative classes.

In this case, we cannot get sold out products because it is possible
to produce any combination (as in the introductory example). In other
words, all parts listed in the Table 6 can be made and also any device
composed of these parts can be build. That means, the smallest avail-
able class is the smallest class 𝟎, which is determined by the quadruple
⟨𝑣 𝑢 , 𝑣 𝑢 , 𝑣 𝑢 , 𝑣 𝑢 ⟩ and the highest available class is the highest class
1 1 1 1 1 1 1 1

11
Table 6
Advantages and disadvantages of both parts of the device for Example 7.1 and possible
production combinations of the whole device.

First part Advantages Disadvantages

𝐴 𝐵 𝑎 𝑏 𝑐 𝐶 𝐷 𝑑 𝑒 𝑓

𝑣4 × ×
𝑣3 × ×
𝑣2 × ×
𝑣1 × ×

Second part 𝐴 𝐵 𝑎 𝑏 𝑐 𝐶 𝐷 𝑑 𝑒 𝑓

𝑢5 × × ×
𝑢4 × × ×
𝑢3 × × ×
𝑢2 × × ×
𝑢1 × × ×

Fig. 5. Distance-stable lattices representing the advantages and disadvantages of the
first and second part of the device, respectively.

Table 7
The requirements for the advantages of individual parts for four
devices.

Advantages

𝐴 𝐵 𝑎 𝑏 𝑐

First device ∙ ∙
Second device ∙ ∙
Third device ∙ ∙
Fourth device

𝟐𝟎, which is determined by the quadruple ⟨𝑣4𝑢5, 𝑣4𝑢5, 𝑣4𝑢5, 𝑣4𝑢5⟩. To
illustrate, the quadruple ⟨𝑣1𝑢3, 𝑣4𝑢1, 𝑣3𝑢2, 𝑣2𝑢4⟩ belonging to the qual-
itative class 𝟖13represents four devices, where the first device consists
of two parts 𝑣1 and 𝑢3 such that the first part has disadvantages 𝐶,𝐷
and the other part has the advantage 𝑏 and disadvantages 𝑒, 𝑓 . Further,
the fourth device is composed of two parts 𝑣2 and 𝑢4, where the first
part has the advantage 𝐴 and the disadvantage 𝐶 and the second part
has the advantages 𝑎, 𝑏 and the disadvantage 𝑓 .

As in the previous example, we can set priorities for the purchase
of four devices. Depending on the situation, the minimum requirements
for the advantages of individual parts of all devices of the quadruple
may be as follows (see Table 7).

By a simple analysis of this situation, we find that the mini-
mum and the maximum qualitative class that meets our requirements
is 𝟔 and 𝟐𝟎, respectively. Obviously, there is only one quadruple
⟨𝑣2𝑢2, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣1𝑢1⟩ meeting our requirements in the minimum class
𝟔. Similarly, there is only one quadruple ⟨𝑣4𝑢5, 𝑣4𝑢5, 𝑣4𝑢5, 𝑣4𝑢5⟩ meeting
our requirements in the maximum class 𝟐𝟎. The last fact is not based

13 (1) 𝑑(𝑣1, 𝑣1) = 0, 𝑑(𝑢1, 𝑢3) = 1 → 0 + 1 = 1 (2) 𝑑(𝑣1, 𝑣4) = 2, 𝑑(𝑢1, 𝑢1) = 0 →

2 + 0 = 2 (3) 𝑑(𝑣1, 𝑣3) = 1, 𝑑(𝑢1, 𝑢2) = 1 → 1 + 1 = 2 (4) 𝑑(𝑣1, 𝑣2) = 1, 𝑑(𝑢1, 𝑢4) =
2 → 1 + 2 = 3 ⇒ 1 + 2 + 2 + 3 = 8.
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on our requirements (as was the case with the class 𝟔) but on the fact
that the highest (even the smallest) qualitative class always has only
one element. If we look at the class 𝟕, we have 11 options that meet
our requirements, i.e.,

1.
⟨

𝑣4𝑢2, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣1𝑢1
⟩

2.
⟨

𝑣2𝑢4, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣1𝑢1
⟩

3.
⟨

𝑣2𝑢2, 𝑣4𝑢3, 𝑣1𝑢4, 𝑣1𝑢1
⟩

4.
⟨

𝑣2𝑢2, 𝑣3𝑢4, 𝑣1𝑢4, 𝑣1𝑢1
⟩

5.
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣2𝑢4, 𝑣1𝑢1
⟩

6.
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣3𝑢4, 𝑣1𝑢1
⟩

7.
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣1𝑢5, 𝑣1𝑢1
⟩

8.
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣2𝑢1
⟩

9.
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣3𝑢1
⟩

10.
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣1𝑢2
⟩

11.
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣1𝑢3
⟩

.

It depends on the circumstances to which qualitative class we can
advance. Assume a scenario we have a budget of 8 000 000 CZK for
purchase four devices. Individual qualitative classes (regardless of the
specific device) have prices set as follows (the price is for the purchase
of four devices in the given class):

0. 10 000 CZK
1. 20 000 CZK
2. 40 000 CZK
3. 80 000 CZK
4. 160 000 CZK
5. 320 000 CZK
6. 640 000 CZK
7. 1 280 000 CZK
8. 2 560 000 CZK
9. 5 120 000 CZK
10. 10 240 000 CZK
11. 20 480 000 CZK

⋮
18. 2 621 440 000 CZK
19. 5 242 880 000 CZK
20. 10 485 760 000 CZK.

We found that the minimum qualitative class meeting our require-
ments is the class 𝟔 with a total cost of 640 000 CZK for all four devices.
We can advance up to the class 𝟗 with a total price of 5 120 000 CZK due
to the budget. Of course, we cannot use the following class 𝟏𝟎 because
its price exceeds the specified budget. Based on this idea, we can choose
four devices from the class 𝟗. We have the following option:
⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣4𝑢4, 𝑣2𝑢1
⟩

⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣2𝑢4, 𝑣3𝑢3
⟩

⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣3𝑢4, 𝑣4𝑢1
⟩

⟨

𝑣2𝑢2, 𝑣3𝑢3, 𝑣1𝑢4, 𝑣2𝑢4
⟩

or we can improve our requirements and we get:
⟨

𝑣4𝑢4, 𝑣3𝑢3, 𝑣1𝑢5, 𝑣1𝑢1
⟩

⟨

𝑣4𝑢2, 𝑣4𝑢3, 𝑣1𝑢5, 𝑣1𝑢1
⟩

⟨

𝑣2𝑢5, 𝑣3𝑢4, 𝑣1𝑢4, 𝑣1𝑢1
⟩

⟨

𝑣2𝑢2, 𝑣4𝑢5, 𝑣1𝑢4, 𝑣1𝑢1
⟩

.

In this example, we can see that other types of lattices than just
chains and 𝑛-dimensional diamonds can be used effectively. However,
we must be careful what types of lattices we use, because in the
paper [26] it was shown that this theory of transfer-stable functions
can only be applied to transfer-stable lattices. Even these lattices are
not effective to solve similar tasks as before. That means, if we obtain
a transfer-unstable lattice (for example, see Fig. 6) in the task of
12
Fig. 6. The example of a prohibited lattice for the application of transfer-stable
aggregation functions.

the example, then the theory of transfer-stable aggregation functions
cannot be applied to this lattice because the qualitative classes would
not be linearly ordered. Therefore we could not say which class is better
or worse.

8. Transfer-stable lattices as an inappropriate assignment

At the end of the previous section, we mentioned that the use
of transfer-unstable lattices is not allowed. However, even transfer-
stable distance-unstable lattices do not give good information during
the calculation. In the paper [26] it was shown that the central block
[(0, 1)] (respectively [(0,… , 0, 1)])14 contains most pairs (𝑛-tuples) of a
direct product. As a result, most options (purchases) belong to the same
class. This case is very similar to the Example 5.1, where all available
options belonged to a one class. The following example shows the use
of transfer-stable distance-unstable lattices.

Example 8.1. In this example, our goal is to buy two packages
containing a mobile phone, a laptop, a smart watch, and a tablet. We
have the products listed in the Table 8.

Relevant lattices (horizontal sums): 𝐴 – the lattice of mobile phones,
𝐵 – the lattice of laptops, 𝐶 – the lattice of smart watches, 𝐷 – the
lattice of tablets, for products from the Table 8 are depicted in Fig. 7.

We have mentioned several times before that a corrected assignment
of the example is the key to success and quality results. Unfortunately,
we will not avoid problems this time either.

The first problem is that the lattice of mobile phones is not a
transfer-stable lattice. According to the note at the beginning of this
section, this lattice (assignment) is not possible. One possible solution
to this problem is to remove (or add) an element from the lattice 𝐴. For
example, by removing the element ‘‘Galaxy A’’ we get a transfer-stable
lattice 𝐴′ (see Fig. 8).

The second problem is the quality of the assignment with regard to
the placement of products in the lattice. Specifically, there is a problem
with the number of points (distance from the smallest element). For
example, we can see that either the ‘‘Acer Predator’’ costs more points
than the ‘‘MacBook Pro’’ or the ‘‘Apple Watch Series 7’’ has more points
than the ‘‘Garmin Fenix’’. Of course, the compilation of the assignment
depends on our preferences and the situation. Nevertheless, it would be

14 The smallest element in the lattice is 0 and the largest element in the
lattice is 1.
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Table 8
List of products for the package in the Example 8.1.

MOBILE PHONES

Apple Samsung Xiaomi Realme

iPhone 13 Galaxy Z Mi 8
iPhone 12 Galaxy S Redmi 7
iPhone 11 Galaxy M – –
iPhone SE Galaxy A – –

LAPTOPS

Apple HP Lenovo Acer

MacBook Pro EliteBook Legion Predator
MacBook Air Spectre ThinkPad Nitro
– ProBook ThinkBook Spin
– – Yoga Extensa
– – – Aspire

SMART WATCHES

Apple Samsung Xiaomi Garmin

Series 7 Galaxy Watch Mi Watch Fenix
Series 6 – Mi Band Vivoactive
SE – – Venu
Series 3 – – –

TABLETS

Apple Samsung Lenovo Huawei

iPad Pro Tab S Yoga Tablet MatePad
iPad Air Tab A Tab MediaPad

Fig. 7. The horizontal sums 𝐴,𝐵, 𝐶 and 𝐷 representing the types of mobile phones,
laptops, smart watches and tablets, respectively.
13
Fig. 8. Transfer-stable lattice 𝐴′ of mobile phones.

wise for specific products to have the same number of points. We will
eliminate this problem later, because at the moment the third problem
is much more serious. It depends on the very essence of transfer-stable
lattices.

We obtain the lattice 𝐿9 with 13 ⋅16 ⋅12 ⋅10 = 24 960 elements by the
irect product of the lattices 𝐴′, 𝐵, 𝐶 and 𝐷. However, in the lattice 𝐿9,

only 12 320 quadruplets are valid, i.e., they do not contain unavailable
parameters 0 and 1.

Now we need to solve the number of classes to purchase two pack-
ages. For transfer-stable lattices, the first unstable elements relative to
0 and 1 are important elements. Since the lattices 𝐴′, 𝐵, 𝐶 and 𝐷 are
orizontal sums, then the first unstable elements are the elements 0 and

1. It can be proved that the direct product of transfer-stable lattices does
not change the number of classes, i.e., the number of classes of direct
product will be the same as the smallest number of classes of lattices
𝐴′, 𝐵, 𝐶 (lattice 𝐷 is not used because it is distance-stable lattice). The
esult is the lattice 𝐶 whose the number of classes is 5, because the

individual classes of this lattice are
[

⟨0, 0⟩
]

,
[

⟨Series 3, 0⟩
]

, the central
lock

[

⟨0, 1⟩
]

,
[

⟨1, Series 7⟩
]

and
[

⟨1, 1⟩
]

. The lattice 𝐿9 has the same
umber of classes, i.e.,

…
[

⟨0, 0, 0, 0⟩ ; ⟨0, 0, 0, 0⟩
]

…
[

⟨0, 0, Series 3, 0⟩ ; ⟨0, 0, 0, 0⟩
]

…
[

⟨0, 0, 1, 0⟩ ; ⟨0, 0, 0, 0⟩
]

…
[

⟨1, 1, Series 7, 1⟩ ; ⟨1, 1, 1, 1⟩
]

…
[

⟨1, 1, 1, 1⟩ ; ⟨1, 1, 1, 1⟩
]

.

Qualitative classes 𝟎, 𝟏, 𝟑 and 𝟒 are unusable because any 4-tuple
lways contains an unavailable parameter 0 or 1. All available 4-tuples,
uch as

⟨Galaxy Z,Yoga,Vivoactive,Tab A⟩
iPhone 11,MacBook Air, Series 6, iPad Air⟩

elong to the central block 𝟐. Thus, there is no distribution of purchases
f products in the various qualitative classes, as we have seen in the
revious examples. In conclusion, we receive that even transfer-stable
attices are not a suitable option for calculating the purchase of several
roducts.

. Transformation of a transfer-stable lattice into a distance-stable
attice

Now, we know that the problem is not only transfer-unstable lat-
ices, but also transfer-stable ones. Hence, we show how to prevent
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Fig. 9. The distance-stable lattices 𝐴2 , 𝐵2 , 𝐶2 and 𝐷2 representing the types of mobile
phones, laptops, smart watches and tablets, respectively.

this problem. One way to solve this problem is to add elements to the
lattice to create a distance-stable lattice. In this way, we could also
avoid problem number two, mentioned in the previous example, and
thus create an assignment that would better reflect reality. Therefore,
we will try to solve once again the example from the previous section
by adding elements to transfer-stable lattices to obtain distance-stable
lattices.

Example 9.1. Consider the same assignment as in Example 8.1. This
time, we will add new auxiliary elements to the lattices (horizontal
sums) 𝐴,𝐵, 𝐶 and 𝐷. We get the distance-stable lattices (horizon-
tal sums) 𝐴2, 𝐵2, 𝐶2 and 𝐷2 depicted in Fig. 9. The new elements
𝑎1, 𝑎2,… , 𝑏1, 𝑏2,… , 𝑐5, 𝑐6 represent unavailable parameters (as the pa-
rameters 0 and 1). Thanks to these elements (parameters), we have
balanced the original products in the individual lattices into similar
price (qualitative) categories.

By the direct product of the distance-stable lattices 𝐴2, 𝐵2, 𝐶2 and
𝐷2 we obtain the lattice 𝐿10 with 18 ⋅ 22 ⋅ 18 ⋅ 10 = 71 280 elements.
However, only 12 320 elements are usable because they do not contain
unavailable parameters. The depth of the lattice 𝐿10 is 5+6+5+3 = 19.
Thus, if we want to buy two packages, the final number of qualitative
classes is 2 ⋅ 19 + 1 = 39, where

𝟎 … The smallest class
⟨

0, 0, 0, 0
⟩

⟨ ⟩
0, 0, 0, 0 ,

14
𝟖 … The smallest available class
⟨

iPhone SE,Yoga, Series 3, iPad Air
⟩

⟨

Galaxy A,Aspire,Venu,Tab A
⟩

,

𝟑𝟎 … The highest available class
⟨

iPhone 13,MacBook Pro, Series 7, iPad Pro
⟩

⟨

Galaxy Z,EliteBook, Fenix,Tab S
⟩

,

𝟑𝟖 … The highest class
⟨

1, 1, 1, 1
⟩

⟨

1, 1, 1, 1
⟩

.

Of course, combinations with unavailable parameters may appear.
To illustrate, combination from class 𝟏𝟗
⟨

Mi,Extensa,Galaxy Watch,Yoga Tablet
⟩

⟨

7, Spectre, Series 6,Media Pad
⟩

,

can be purchased, but a combination from the same class
⟨

𝑎1,MacBook Air, 𝑐1, 1
⟩

⟨

𝑎4, 𝑏5,Vivoactive, iPad Pro
⟩

,

or
⟨

𝑎3, 𝑏4, 𝑐5, 0
⟩

⟨

𝑎2, 𝑏5, 𝑐2, 1
⟩

,

cannot be used because at least one parameter is unavailable.
Now we could choose the qualitative class as the golden mean

and find the combination that is best for us. This time we will do
it differently. As in the previous examples, we will try to set the
prices of individual products and select the appropriate qualitative class
according to the budget or priorities. The chosen prices are listed in
Table 9.

According to the prices in the tables, we can find the cheapest
and most expensive possible combination in the smallest and highest
available class.

Class 𝟖:

∙ The cheapest combination with a total value of 32 000 CZK
is:

2 ×
⟨

Galaxy A,Aspire,Mi Band,Tab
⟩

∙ The most expensive combination with a total value of
102 000 CZK is:

2 ×
⟨

iPhone SE,Yoga, Series 3, iPad Air
⟩

Class 𝟑𝟎:

∙ The cheapest combination with a total value of 126 000 CZK
is:

2 ×
⟨

iPhone 13, Legion, Series 7,Yoga Tablet
⟩

∙ The most expensive combination with a total value of
224 000 CZK is:

2 ×
⟨

Galaxy Z,Predator, Fenix, iPad Pro
⟩

Based on this information, we can say that if the budget is greater
than 126 000 CZK, we will choose purchase from any qualitative class.
The higher class, the better, but it is not necessary.

Let us choose a budget of 70 000 CZK. Then, for example, the

possible combinations are:
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Table 9
The prices of mobile phones, laptops, smart watches and tablets
for Example 9.1.

MOBILE PHONES

Apple Samsung

iPhone 13 20 000 CZK Galaxy Z 27 000 CZK
iPhone 12 17 000 CZK Galaxy S 14 000 CZK
iPhone 11 14 500 CZK Galaxy M 4 500 CZK
iPhone SE 12 000 CZK Galaxy A 3 000 CZK

Xiaomi Realme

Mi 8 000 CZK 8 4 500 CZK
Redmi 6 000 CZK 7 4 500 CZK

LAPTOPS

Apple HP

MacBook Pro 34 000 CZK EliteBook 28 500 CZK
MacBook Air 28 000 CZK Spectre 26 000 CZK
– – ProBook 17 000 CZK

Lenovo Acer

Legion 23 000 CZK Predator 50 000 CZK
ThinkPad 18 000 CZK Nitro 20 000 CZK
ThinkBook 16 000 CZK Spin 12 000 CZK
Yoga 16 000 CZK Extensa 10 500 CZK
– – Aspire 9 000 CZK

SMART WATCHES

Apple Samsung

Series 7 11 000 CZK Galaxy Watch 7 000 CZK
Series 6 9 500 CZK – –
SE 8 000 CZK – –
Series 3 6 000 CZK – –

Xiaomi Garmin

Mi Watch 3 000 CZK Fenix 12 000 CZK
Mi Band 1 000 CZK Vivoactive 6 500 CZK
– – Venu 4 500 CZK

TABLETS

Apple Samsung

iPad Pro 23 000 CZK Tab S 10 000 CZK
iPad Air 17 000 CZK Tab A 4 500 CZK

Lenovo Huawei

Yoga Tablet 9 000 CZK MatePad 11 500 CZK
Tab 3 000 CZK MediaPad 4 000 CZK

∙ Qualitative class: 𝟖. Price: 58 000 CZK.
⟨

iPhone SE,Aspire,Venu,Tab A
⟩

⟨

Galaxy A,Yoga, Series 3,TAB
⟩

∙ Qualitative class: 𝟏𝟏. Price: 69 500 CZK.
⟨

iPhone 11,ThinkBook,Vivoactive,Tab A
⟩

⟨

Galaxy A,Yoga, Series 3,TAB
⟩

∙ Qualitative class: 𝟏𝟒. Price: 66 500 CZK.
⟨

iPhone 11,ThinkBook,Vivoactive,Tab A
⟩

⟨

Galaxy M,Extensa,Galaxy Watch,TAB
⟩

∙ Qualitative class: 𝟏𝟔. Price: 67 000 CZK.
⟨

7,Extensa,Mi Watch,Yoga Tablet
⟩

⟨

Redmi,ThinkBook, SE,Tab S
⟩

∙ Qualitative class: 𝟐𝟐. Price: 65 000 CZK.
⟨

8, Spin,Mi Watch,Yoga Tablet
⟩

⟨

8, Spin, Series 7,Yoga Tablet
⟩

∙ Qualitative class: 𝟐𝟐. Price: 69 000 CZK.
⟨

8,ThinkPad, Fenix,TAB
⟩

15
⟨

8, Spin, Fenix,TAB
⟩

From the list above, we see that the maximum possible qualitative
class is 𝟐𝟐 for the selected budget. At the moment, it is up to us whether
we stay in this class or choose a lower class, where there are more
options (combinations) to make a purchase with the specified budget.
The result could be one of above mentioned combinations for class 𝟐𝟐,
if we wanted to stay in this class.

Another possible priority (depending on the budget) could be the
choice of a certain type of device. For example, consider that the first
package should contain the best laptop and the second package should
include an Apple mobile phone. Then the resulting combination could
be:
⟨

8, Legion,Galaxy Watch,Media Pad
⟩

⟨

iPhone 11,Aspire,Venu,Tab
⟩

,

and belongs to the class 𝟏𝟔 with a total value of 69 500 CZK. We see that
each new priority reduces the number of options in the class and, more
importantly, we get closer to the resulting qualitative class with the
next requirement. As a result, it is up to us which direction we take.
Either we prefer price and quality, so we want to get to the highest
possible quality class in that case, or our main priority will not be
price, and we try to get to the qualitative class that best meets our
requirements.

However, it may also happen that the next request will be too strong
and we will not get any final solution. In particular, if we demand
both packages composed of Apple products, then we will not get any
suitable combination for a budget of 70 000 CZK. The cheapest Apple
combination

2 ×
⟨

iPhone SE,MacBook Air, Series 3, iPad Air
⟩

belongs to the class 𝟏𝟐 with a total price of 126 000 CZK, which is almost
double the value of our budget.

In addition, this is ‘‘only’’ the class 𝟏𝟐 compared to our highest found
class 𝟐𝟐. For instance, the Apple set belonging to the class 𝟐𝟐 is:
⟨

iPhone 13,MacBook Pro, Series 7, iPad Pro
⟩

⟨

iPhone 11,MacBook Air, Series 3, iPad Air
⟩

with a total price of 153 500 CZK.

10. Conclusion

The aim of the paper was to provide some solutions for the pur-
chase of either several products or one product depending on several
parameters. To do this, we used transfer-stable aggregation functions on
finite lattices. As it turned out, the transfer-stable aggregation functions
divided our potential purchases into several classes depending on the
price:quality ratio. On the other hand, by using finite lattices (in
particular, horizontal sums), we can compare the quality of products
very elegantly and construct the most realistic assignment. Combining
these two steps, we have a very good business strategy.

In an introductory example, we presented the theory of transfer-
stable aggregation functions and showed the various applications it
currently offers. Using this particular (very simple) example, we have
outlined what we could expect in the paper. In the following example,
we answered the question: ‘‘What happens when there is no product
(combination) in the direct product?’’ The answer was that we con-
sidered these combinations and calculated with them as we normally
would, but they were not allowed to appear in any form of result.
We got the so-called sold-out product. It was a product that could not
be purchased in a given combination of parameters (it did not exist),
or it contained an unrealistic parameter (it was an element of lattice
that did not represent anything real – unavailable parameter). The next
part was significant important as we showed that it is not always
appropriate to use chains. The reason was that we could not declare
which parameter was better or worse. Therefore, we ordered them into
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the so-called 𝑛-dimensional diamond. Subsequently, it turned out that
this was the right step, as the results better reflected the real situation.
In the sixth section, we focused more on the actual search for the golden
mean (the appropriate quality class). We have used not only the budget
but also the priorities we have set for this examination. Therefore,
the purpose of this section was not to find the final combination of
products (parameters) but to provide a hint as to look for the class
(golden mean) for this final combination. From the following chapter
onwards, we have focused on different types of lattices. The intention
was to show that any finite lattice can be used in the real world.
Section 7 was very different from all the others. Here we have shown
another possible application usability of these functions on various
finite lattices. The last two sections were very similar. We set realistic
conditions and tried to find the best possible solution. However, we
found a problem in Section 8. Transfer-stable lattices are not a good
choice for parameter ordering. We have found the problems that these
lattices have. The main problem was that transfer-stable lattices have
very few blocks (classes), which leads to uninteresting results. Only the
final ninth section outlined the true potential of these functions. We
have shown that ordering the parameters (products) into a distance-
stable lattice (more precisely, into a horizontal sum) forms a very
efficient assignment. This assignment can avoid unintended problems,
such as product inconsistency in terms of quality.

As we mentioned in the introduction, we obtained most of the data
from the website alza.cz. This also set the direction of the paper. When
a product could not be bought in this store, we marked it as a sold-out
product. If this shop recommended that the two products we selected
were almost the same (in terms of price:quality ratio), we had to adjust
the assignment accordingly. Thus, we used horizontal sums.

The main contribution of this paper was to help with the difficult
decision to purchase several products using a very simple property such
as transfer-stability. The first important result was that finite lattices (so
far, mainly distance-stable lattices) could be used very efficiently for
real situations. We have shown how to use these lattices to correctly
build the assignment to match the real scenario as closely as possible.
The second important fact was that the transfer-stable aggregation
functions ignored uninteresting elements (artificially added elements to
get a distance-stable lattice) in the lattices so that it did not affect the
result in any way. Despite the strong relation between transfer-stable
aggregation functions and transfer-stable lattices shown in previous
papers, the last and most important fact was that these lattices do not
reflect reality as well as the distance-stable lattices. Although this result
was negative, it was also very important because these lattices have a
very good property in mathematics—their blocks are linearly ordered.
However, these functions did not have good features in the economy.
We have shown that these functions are not useful.

Research for this paper can continue in several possible ways. First,
other potential applications of transfer-stable aggregation functions can
be shown (not only in economics). Second, the actual specification
of real situations can be studied. More precisely, how best to set the
task so that the results, as accurately as possible, match real-world
experience. It is also possible to examine the golden mean and invent
a procedure that would involve the use of transfer-stable functions.
The following future direction of this paper is related to the previous
possible solution. It is about programming the whole process (from
input to output) so that it can be better used in practice. Finally,
as far as the theoretical basis is concerned, it would be possible to
further develop either the properties of distance-stable lattices in the
theory of lattices or to show the advantages of transfer-stable distance-
unstable lattices. It is also possible to study the transfer-stable functions
themselves without the aggregation functions.
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